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T he Talbot effect, the self-imaging
of a grating when it is illuminated
by a monochromatic plane wave,

was discovered about 100 years ago.
Recent research has shown that a number
of simple principles govern the Talbot
effect. They include the symmetry rule,
the regularly rearranged neighboring
phase rule and the prime number
decomposing rule. These simple rules
offer us new ways of looking at the Talbot
effect which could lead to the design of
new diffractive optics devices with practi-
cal applications in areas that include opti-
cal interconnection, optical computing
and optical measurement.

A bit of history
The Talbot effect was first observed by
the English scientist Henry Fox Talbot
(1800-1877) about a century ago. The
effect Talbot discovered, which is gener-
ally described in university texts as an
example of Fresnel diffraction, is con-
sidered one of the most basic of optics
phenomena.

The Talbot effect has received continu-
ous attention since it was first described,
not only because understanding it is so
fundamental to the study of optics, but
also because of its wide ranging appli-
cations in fields which include optical
measurement, optical array illumination,
optical interconnections and matter-wave
self-imaging.1 The Talbot self-imaging
effect is observed at the so-called Talbot
distance as z = nZT , where ZT = 2d 2/�,
� is the wavelength of the incident light,
d is the period of the grating and n is a 
positive integer.

The self-imaging of any type of
grating at the Talbot distance can be
explained by means of the Fresnel equa-
tion. What has puzzled optical scientists
until recently has been whether there are
simple principles governing diffraction 
at fractional Talbot distances or, in other
words, at distances located between the
integer Talbot distances. Recent studies
have shown that at some fractional Talbot
distances, the frequency-increased self-
imaging effect can also be obtained.2-7

The question is whether there are 
simple relations between these complex
optical diffraction patterns, including
not only the intensity pattern but also
the phase differences.

An optical field can be fully character-
ized by its amplitude and phase. Since
our eyes—like a CCD camera—can per-
ceive an object that has intensity differ-
ence, but not phase difference, ordinary
people are usually not aware of the phase
variation of light. In optics labs, of course,
phase must always be taken into consider-
ation. Dennis Gabor (1900-1979) was
awarded the Nobel prize for the invention
and development of holography, a
method of reconstructing the wave
front—or, in other words, the equal
phase front—of an optical field. Frits
Zernike (1888-1966) was awarded the
Nobel prize for his invention of the
phase-contrast method for detecting a
transparent bio-object that has a pure-
phase variation. In optical binary-phase
filtering, pattern recognition based on
the Fourier transform of an object and
characterization of an ultrashort laser
pulse, phase plays a more important role
than does the amplitude of an optical
field. Phase also plays a key role in
describing the fractional Talbot effect.
The new rules which we will describe 
in this article are all concerned with the
phase of the Talbot effect as it relates to
Talbot array illumination.

As shown in Fig.1, Talbot array illu-
mination is based on the fractional
Talbot effect: an amplitude grating with
an opening ratio 1/M can generate pure-
phase distributions at fractional Talbot
distances. If we can reproduce this pure-
phase distribution and illuminate it with
a monochromatic plane wave, the image
of the intensity structure with a compres-
sion ratio 1/M will emerge at certain
planes behind the phase grating. Illum-
ination arrays have been developed on
the basis of the principles that underlie
the Talbot effect, the subject of extensive
research since it has the obvious advan-
tages of high efficiency and excellent 
uniformity, and can be mass produced 
at low cost.

In 1988, scientist Adolf Lohmann2

illustrated Talbot array illumination by
means of the pure-phase distributions 
at fractional Talbot distances that are
yielded by amplitude gratings with
opening ratios of 1/2 and 1/3. Leger and
co-workers3 carried out experiments
involving Talbot array illumination.
Arrizón and Ojeda-Castaneda4 derived
equations for calculating the fractional
Talbot effect. In 1995, Zhou et al.5 proved
that there are symmetries of phase 

Input: amplitude grating 
with opening ratio 1/M

Output: pure-phase distributions
at fractional Talbot distances 

Figure 1. For the amplitude grating with an opening ratio 1/M illuminated by monochromatic
light, the amplitude and phase distributions at all distances of (p/2M)ZT are periodic (where p
and M are positive integers). There will be pure-phase distribution when p and M have no com-
mon divisor. If the direction of the illumination light is reversed, the output of the pure-phase
distribution is replaced with a phase grating; in this case, the input would be the output in the
reversed condition, i.e., an intensity grating with a compression ratio of 1/M would be formed.
The Talbot effect can therefore be used for array illumination.
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distribution in the fractional Talbot
effect. In 1998, Zhou et al.6 reported a
regularly rearranged rule of the pure-
phase distribution at different fractional
Talbot distances. On the basis of this
rule, a complete set of simple phase
equations7 can be derived to explain the
phase distribution for Talbot array illu-
mination. In 2001, the prime number
decomposing rule8 was found to be
related to Talbot array illumination. In
this article we will summarize these prin-
ciples of symmetry and number theory
which express in simple terms the essen-
tial nature of Talbot—or, at a deeper
level, Fresnel—diffraction.

Theory of operation
The phenomenon of Talbot self-imaging
is caused by Fresnel diffraction of a
grating in the near field. The basic
equation used to describe the Talbot
effect is the Fresnel diffraction integral.
When a grating is illuminated by a
monochromatic plane wave, its self-
image is produced by the infinite 
waves that come from the grating with
propagation directions that are deter-
mined by the basic grating equation.
From a purely mathematical point 
of view, it would be too complex to
attempt this calculation by means of
the Fresnel equation.

The concept of Fresnel diffraction of
a grating can be simplified if we consider
the grating as a basic unit function con-
volved with a comb function. In recent
years, many researchers have described
simplified equations to describe the
Talbot effect. Leger and Swanson3 sup-
plied an equation for calculating the
pure-phase distributions for Talbot 
array illumination. Arrizón and Ojeda-
Castaneda,4 and Berry and Klein,9

derived their respective equations to cal-
culate the fractional Talbot coefficients at
the distance (p�/q�)ZT , where p� is prime
to q�. Since the different values of p� and
q� refer to the fractional Talbot distances
for various gratings, distance-oriented
equations are not well suited to explain
the self-imaging produced by a grating.
In construction of a Talbot illuminator,
the challenge faced by researchers is to
determine at which input phase distribu-
tion and at which diffractive distance we
can obtain Talbot array illumination with
an arbitrary compression ratio 1/M. The
question can be completely answered by
the straightforward principles expressed
in the following sections.

Experimental results
We used a lithographic technique to 
fabricate Talbot array illuminators. To
achieve the required phase modulation
for Talbot array illumination, the surfaces
of glass pieces were etched. Examples of
our experiments are shown in Fig. 2. In
Fig. 2(a), two-dimensional (2D) Talbot
array illumination with a compression
ratio of 1/2 is yielded with a binary phase
(0, �/2) phase grating at 1/8 fractional
Talbot distance10; in Fig. 2(b), 2D Talbot
array illumination with a compression
ratio of 1/4 is derived from two, one-
dimensional (1D) crossed binary-phase
(0, �) gratings.11

Recent findings
New findings regarding the Talbot effect
have emerged in the past few years: in
particular, recognition of the symmetry
of the Talbot effect was the first step in
discovering the other rules which govern
it. From here one can derive the number
theory of the Talbot effect, which
includes the regularly rearranged neigh-
boring phase difference (RRNPD) rule
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Figure 2. Experimental demonstration of Talbot array illumination (a) with an opening ratio of
1/2 yielded by a (0,��2) phase grating and (b) with a compression ratio of 1/4 yielded by two,
one-dimensional crossed (0,�) phase gratings. Both are illuminated with a He-Ne laser at a
633-nm wavelength. 

Figure 3. Symmetric structures of phase factors within one period for (a) even M and 
(b) odd M.
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and the prime number decomposing
rule, both of which are related to the
Talbot array illuminator.

The symmetry principle
On the basis of Guigay’s equations,12

Zhou et al.5 analytically proved that,
depending on the fractional Talbot dis-
tances involved, there are four kinds of
symmetries of pure-phase distribution.
These four kinds of symmetries5 can be
reduced to the two in Fig. 3, depending
on whether M is even or odd, where 1/M
is the opening ratio of an amplitude grat-
ing. The symmetry of the Talbot effect is
the basic characteristic of a Talbot array
illuminator.

Regularly rearranged neighboring
phase difference rule 
When an amplitude grating with an
opening ratio of 1/M is illuminated by a
monochromatic plane wave, the ampli-
tude and phase distributions at all con-
secutive distances (p/2M)ZT (where p and
M are positive integers) can be obtained,7

as shown in Fig. 1. The regularly rear-
ranged neighboring phase difference
(RRNPD) rule6 is illustrated in Fig. 4.
The RRNPD rule reflects the essential
symmetry of the pure-phase distribution
at different fractional Talbot distances.

A complete set of simple 
phase equations
With establishment of the RRNPD rule,
we obtained a completely new set of ana-
lytic phase equations for the description
of pure-phase distributions at distances
of (p/2M)ZT (p and M have no common
divisor).7 It has been proved that the
Leger and Swanson equation3 is just a
subset of these equations. These analytic
phase equations are powerful tools for
calculating the phase values of a Talbot
array illuminator.

The prime number 
decomposing rule
The number of phase levels in a Talbot
illuminator is an important factor in 
fabrication complexity and cost. To our
knowledge, we are the first to demon-
strate a simple method of predicting the
number of phase levels in a Talbot illumi-
nator. The mathematical equations

required for a description of pure-phase
distribution are, in fact, highly complex.
Generally speaking, if an arbitrary num-
ber M can be decomposed into multipli-
ers without common divisors among
them and if the number of phase levels of
each multiplier is known, then the num-
ber of phase levels L that correspond to
M will be the product of each number 
of the corresponding phase levels.8

This principle can be termed the prime
number decomposing rule. The simple
decomposing relations and the RRNPD
rule are generally applicable for an arbi-
trary M. We can consider the fundamen-
tal cause of the beautiful symmetry
between the Talbot effect and number
theory to be the nature of Fresnel diffrac-
tion with an amplitude grating of
opening ratio 1/M at fractional Talbot
distances. It is clear that not every grating
is characterized by such simple Fresnel
diffraction; only gratings with an open-
ing ratio of 1/M are characterized by 
such a simple relationship.

Hexagonal Talbot 
array illumination
A hexagonal array (HA), such as the con-
figuration of a honeycomb, is both a pre-
ferred pattern in nature and a popular
design for optoelectronic materials and
devices. We reported HA Talbot array
illumination based on a binary phase
grating.10 The optical setup of HA
Talbot array illumination is shown in

Fig. 5. An expanded He-Ne laser is used
as the incident light source. A hexagonal
array phase grating is a binary phase
grating with an opening ratio of 1/4.
In an input array hexagonal grating, a
white hexagon corresponds to phase 0
and a red hexagon corresponds to phase
�. We analyzed and experimentally veri-
fied that HA Talbot illumination can be
achieved at 1/2 Talbot distance. The
experimental image captured by a CCD
camera on the half-Talbot plane is also
shown in Fig. 5. We used a microlitho-
graphic technique to fabricate hexagonal
phase plate, doubled-layered computer
generated holograms13 and circular
Dammann gratings.14 New types of
diffractive optical elements can be
designed and implemented based on 
the Talbot effect and its relation to 
symmetry and number theory.

Two-layered computer-
generated holograms
Since German scientist A. W. Lohmann
developed computer-generated holo-
grams (CGHs) in the 1960s, they have
become an important focus of research 
in information optics. These holograms
also fuel the development of information
optics technology in a wide variety of
practical applications.

The conventional CGH is single-
layered because it is difficult to establish
the diffraction coupling between two-
layered CGHs. Recently, a two-layered
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Figure 4. The regularly rearranged neighboring phase difference rule describes the relation of
the phase propagation between the fractional Talbot distances of (1/2M)ZT and (p/2M)ZT ,
according to (kp=pk1 mod M).
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electronic systems and dynamic optical
switching, to name only a few.

Conclusions
The Talbot self-imaging effect is a well
known optical phenomenon. We devel-
oped a new set of simple equations for
the calculation of pure-phase distribu-
tion of an input amplitude grating with
an opening ratio 1/M for Talbot array
illumination. The RRNPD rule6, 7 reflects
the essential symmetry of the Talbot
effect. We found that the number of
phase levels of a Talbot illuminator is
related to the prime number decompos-
ing rule.7 Hexagonal Talbot illumination
can be achieved with a binary phase grat-
ing13 and double-layered computer-gen-
erated holograms based on the Talbot
effect can be implemented.10 Symmetry
and number theory have been used
to demonstrate the beauty of Fresnel
diffraction in Talbot array illumination.
Familiarity with these principles can
expand our understanding of the Talbot
effect, and, ultimately, of Fresnel diffrac-
tion. These findings should allow us to
further explore the Talbot effect and to
undertake the design of novel diffractive
optical devices for practical applications.
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CGH—in which the first layer is the
encoding layer and the second layer the
decoding layer—was described and
implemented13 (see Fig. 6). In the encod-
ing layer, there are space-multiplexed
multi-CGHs; in the decoding layer there
is a Talbot illuminator. Shifting the
decoding layer or changing the patterns
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Figure 6. Two-layered computer-generated holograms (CGH) with a fractional Talbot dis-
tance between them. By shifting the Talbot illuminator or changing the pattern with a spatial
light modulator in the Talbot illuminator, one can display the different CGHs (and thus the
different optical functions) one by one. This effect can be captured by a CCD camera in the
output plane.

Figure 5. Illustration of the optical setup for HA illumination and the experimental result of HA
illumination. In an input hexagonal array phase grating, a white hexagon corresponds to
phase 0 and a red hexagon corresponds to phase �.
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with a spatial light modulator in the
Talbot illuminator allows the different
CGHs in the first layer to be displayed
one by one. The diffraction between two-
layered CGHs is connected based on the
fractional Talbot effect. Such a device
could find applications in the areas of
secure optical storage, micro-optical-
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