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A Gateway to 
Attosecond 
Physics

Compact lasers can now 

produce intensities so large

that laser–matter interactions

are dominated by the 

relativistic character of the

electrons. This new optical

regime is illustrated by 

examples such as relativistic

harmonics, relativistic optical

rectification (wakefield 

acceleration) and relativistic

self-focusing in refraction 

and reflection. Relativistic

optics offers an efficient 

new gateway to attosecond

physics and nonlinear 

quantum electrodynamics.

(Right) Student Eric Power aligns his
relativistic �3 laser for attosecond 
pulse generation.
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be considered as strictly proportional to
the laser field.1 This departure from lin-
earity is addressed by the addition of new
terms in the Taylor series expansion 
of displacement 

x = a1E + a2 E 2 + a3 E 3 + ... (1)

These additional terms are responsible
for all the effects2,3 that constitute the
nonlinear optics regime. Note that the
field is still not strong enough to ionize
an electron from its parent atom and is
therefore below the level that could irre-
versibly damage the material. Thus, the
typical intensity must be kept to a value
of less than ~1014 W/cm2, where quiver
energy EQ starts to challenge the ioniza-
tion energy of a few electron volts,
depending on the material 

e2E 2
EQ =   ——–       (2)� 4m�2�

The bracket denotes the time average
over one cycle and � is the laser angular

Optics is the study of how elec-
trons respond to light. All the
optical properties of materials

are a consequence of how light interacts
with the electrons they contain. Light is a
wave composed of coupled electric and
magnetic fields that oscillate in syn-
chrony at high frequencies. The electric
and magnetic fields oscillate perpendicu-
lar to each other and perpendicular to the
direction of propagation k�. Because of
the electric field E�, electrons under
Lorentz force, F� = eE�, move a distance 
x = a1E� transversally to the propagation
direction. In classical optics, oscillation
amplitude x is very small (angstroms)
compared to the wavelength and the 
electrons oscillate and radiate at the laser
frequency. The radiated field amplitude
and phase depend on how the electron 
is bound to the atom of the material.
The advent of the laser in 1960 gave
researchers access to much larger intensi-
ties and electromagnetic fields. The laser
field became so strong that electron dis-
placement x in this field could no longer

Figure 1. Laser intensity vs. years. Note the very steep slope in intensities that occurred during
the 1960s, a period in which most of the effects of nonlinear optics were discovered. Today we
are experiencing a similar rise in intensities that opens the door to a new regime dominated 
by the relativistic character of the electrons. The star shows the record intensity of 1021W/cm2

for a “university size” laser system demonstrated at the University of Michigan’s Center for
Ultrafast Optical Science (CUOS). The limit on laser intensity is imposed by the saturation 
fluence of the amplifying media or by their damage threshold. The same limit is also valid 
for optical parametric chirped pulse amplification (OPCPA). At intensities above 1023W/cm2, 
a technique based on relativistic plasma could be used.
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frequency. Above this limit, the material
response is dominated by multiphoton
ionization or tunneling,4 as demon-
strated in Fig. 1. During the ionization
event, high harmonics are produced.
Note also that, because the electron is 
still bound to its nucleus during emis-
sion, we can consider the process of high
harmonic generation as part of bound-
electron nonlinear optics. As the intensity
increases from 1014 to 1018 W/cm2

(Fig. 1), we enter the regime of relativistic
intensity or relativistic nonlinear optics.
This is a regime that was predicted and
discussed in the 1960s (Refs. 5–8) but
that could be truly accessed only after the
technique of chirped pulse amplification
was demonstrated,11 followed by signifi-
cant progress12 in the areas of short pulse
generation and pulse focusing.13

Relativistic optics
In classical optics, one always assumes
that during a laser oscillation period the
electron mass m 0 remains constant. It is 
a reasonable assumption since the quiver
velocity � of the electron is so small com-
pared with the speed of light c. As the
intensity increases, we reach a point at
which the electron quiver velocity
approaches the speed of light. This has
several implications. First, the mass of
the electron changes to become 

m = �m 0 (3)

where � is the Lorentz factor given by 

�2 -1

� = 1– —– . (4)� c 2 �
Second, because the value of � is close to
that of c, a magnetic force component
needs to be added and the Lorentz force
becomes 

��F� =e  E�+ – � B� . (5)� c        �
Until now, in classical optics and laser
physics the ��� B� component has been
totally ignored. In the relativistic regime,
however, this component is as large as the
electric component. The ��� B� compo-
nent pushes the electron forward and is
the cornerstone of the relativistic regime.

At this point it is appropriate to intro-
duce the normalized vector potential 

e�Ea0= ——               (6)
m0c 2

that represents the energy gain over one
period (�) normalized to the electron
rest-mass energy. At a0 = 1, correspond-
ing to 1018 W/cm2 for a 1-�m wavelength
of light, the laser–matter interaction is
dominated by the relativistic character 
of the electrons. At these intensities the
motion of the electrons becomes rela-
tivistic and the trajectory of the electron
changes dramatically. Figure 2 depicts the
difference between the two regimes. It can

be shown that, independent of the inten-
sity regime, the electron transverse
motion is always proportional to a0 ,
whereas the longitudinal motion is
always proportional to a0

2. This means
that, for classical optics or even bound-
electron nonlinear optics with a0 varying
from 10-10 to 10-4, the longitudinal
motion is ~10-10 to ~10-4 smaller than
the transverse motion. Of course the situ-
ation reverses completely for a0 >1, at
which point the longitudinal displace-
ment becomes greater than the transverse
displacement. The departure of the elec-
tron’s motion from the linear regime that
is due to its relativistic character gives rise
to a new kind of nonlinear optical effect
that constitutes the field of relativistic
nonlinear optics.5–9 This area has become
one of the most active in laser physics. In
many cases there are strong similarities
between conventional and relativistic
optics. The purpose of this article is to
educate the reader about relativistic
optics by comparison of its effects with
the well-established effects of bound-
electron nonlinear optics.

Because of the rapid progress in laser
intensities that occurred in the 1960s (see
Fig. 1), scientists expected to observe the
manifestation of relativistic effects in the
1970s. Formidable intensities of the order
of 1018 W/cm2 for a 1-�m wavelength of
light were necessary, however, and could
not be readily obtained. Such intensity
levels were produced for the first time
only in the early 1980s with the advent 
of very-large-scale sources such as the
Helios laser at Los Alamos National
Laboratory (LANL) [Fig. 3(a)]. Work in
relativistic optics could not be conducted
in university research laboratories, only
in government laboratories. The first 
relativistic harmonics produced by the
critical surface nonlinear motion were
observed in 1980 (Ref. 10) with a kilo-
joule pulse energy laser at millihertz 
repetition rates (one shot /20 m).

The advent of chirped pulse amplifi-
cation11 served to revolutionize the field
of relativistic optics, placing it within
reach of more researchers thanks to enor-
mous reductions in laser size and cost.
Further advances in ultrashort pulse
duration12 and laser focusing13 made 
relativistic optics even more accessible,
especially to researchers at universities.
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Figure 2. Comparison between classical optics and relativistic optics. The transverse motion
scales as a0 and the longitudinal scales as a0

2: (a) In classical optics, a0 < 1, the transverse
motion proportional to a0 is larger than the longitudinal motion proportional to a0

2.  (b) In 
relativistic optics, the opposite is true, a0 > 1, the transverse motion becomes smaller than a0

2.
[Ref. G. Mourou and D. Umstadter, “Extreme Light,” Sci. Amer. 5, 81 (2002).]
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Today, relativistic intensities can be
achieved with millijoule energy levels at
kilohertz repetition rates by university-
size lasers [Fig. 3(b)] as well as with large,
kilojoule, below-hertz repetition-rate
government-type lasers. Figure 3 pro-
vides a good illustration of the revolution
that has occurred in relativistic optics
with the evolution of lasers. Figure 3(a)
shows the experimental laser chamber
used to observe relativistic harmonics in
the Helios system circa 1980. Figure 3(b)
shows the relativistic �3 laser target
chamber. The �3 laser reaches its relativis-
tic intensity (1018 W/cm2) with a pulse
energy of the order of only 1 mJ and a
pulse duration of the order of 10 fs, i.e., a
few light periods. Its energy is focused in
a single wavelength by use of an f -number
1 paraboloid corrected by a deformable
mirror. Note that all the energy is con-
tained in the focal volume of a few �3. Its
repetition rate can be 1 kHz as opposed
to the millihertz repetition rate of the
LANL system.

Examples of relativistic 
nonlinear optics 
The field of relativistic optics can 
be illustrated by a comparison of rela-
tivistic effects with some well known
nonlinear effects.

Relativistic optical rectification
One well known bound-electron optical
effect obtained from the second-order
term in Eq. (1) is optical rectification.
This effect, which takes place in noncen-
trosymmetric crystals, gives rise to a dc
field transverse to the propagation direc-
tion. In the relativistic regime, a similar
effect—known as wakefield accelera-
tion—also contributes to rectification
of the optical field. We have seen that, in
vacuum, electrons are strongly pushed
forward by the ��� B� force. In a plasma,
the electromagnetic wave also pushes the
electrons forward, dragging the much
heavier positive ions behind as shown in
Figs. 4(a) and 4(b). The charge separation
that follows produces a very strong elec-
trostatic field that can be of the order of
the transverse light electric field, which is
huge. Unlike the situation in conven-
tional optical rectification, in the rela-
tivistic regime the effect can be efficient:
of the order of 10 percent or more of the

transverse field can be rectified. For an
intensity of 1018 W/cm2, the electric field
can be of the order of 1012 V/m [Centre
Européan de Recherches Nucléaires
(CERN) in 1 m], or 105 times larger than
the field that can be obtained by more
conventional technology. In addition, the
rectified field is flipped along the longitu-
dinal direction. Note also that, since the
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Figure 3. Two relativistic lasers: (a) Helios
circa 1980 at LANL was the first relativistic
laser with a0 ~ 1 at a millihertz repetition
rate. [Courtesy of LANL.] (b) The �3 laser
at the University of Michigan has an 
a0 ~ 1 at a kilohertz repetition rate.

(a)

Figure 4. Relativistic rectification in plasma:
(a) a high-intensity pulse before it enters the
plasma and (b) the ��� B� that pushes the first
plasma electrons. The electrons drag the
heavy ions behind them like a horse pulling a
cart. The electrostatic field that is generated
is almost as large as the transverse laser field.

(a)

(b)

field is created within a plasma, the
medium cannot be broken down further
and can support these extremely high
fields. This effect, predicted by Tajima
and Dawson in 1989,9 had to await the
development of relativistic intensity
lasers to be demonstrated.14 Electron
energies as high as 200 MeV (Ref. 15)
have been demonstrated by use of a 
50-TW laser focused on a gas jet. Because
the electrons drag the ions, a beam of
ions is also observed concomitant with
the electron beam. The generation of
protons with energy as high as 56 MeV
has been reported by LLNL.16

Relativistic harmonic generation
As a result of laser–plasma interaction
with electron density n, harmonic gener-
ation in the relativistic regime can be
produced in two ways: either below or
above critical density nc . For n < nc , the
first approach was predicted in the late
1960s (Ref. 7) and demonstrated in
underdense plasmas in which light can
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propagate. Odd- and even-order har-
monics are observed with linear and 
circular polarizations,17 which is the sig-
nature of relativistic effects since even-
order harmonics cannot be produced in
conventional nonlinear optics in cen-
trosymmetric media.

Harmonic generation can also be 
produced in overcritical plasmas, where 
n > nc and light cannot propagate. The
strong ��� B� oscillatory force applied to
the critical surface will produce a self-
modulated reflected beam. This effect
was first observed with the Helios laser 
by Carman et al.10 The idea of the mov-
ing-mirror model was first credited to
Bulanov et al.18 Generation of frequen-
cies of up to the 70th harmonic has been
demonstrated,19 and could provide an
efficient way to produce very high har-
monics.20 Compared with conventional
high harmonic generation,12 this tech-
nique has the advantage of being capable
of accommodating a pulse of very large
energy, since one can focus the beam over
a small area—limited only by the laser
wavelength—without fear of damaging 
the plasma.

Relativistic self-focusing in refraction 
In bound-electron nonlinear optics,
the third-order term in Eq. (1) is respon-
sible for self-focusing. A similar effect
also exists in relativistic optics and is
described in Fig. 5(a). In the relativistic
regime, the electron driven by the laser
field changes its mass. This change in
mass in turn modifies the index of refrac-
tion according to 

�p  
2

n2= 1– — (7)�� �
where the plasma frequency is given by

e 2
�p

2 = — ne (8)m

where ne is the plasma electron density
and m is the intensity-dependent mass
according to Eq. (3).

For �> �p the index of refraction is
positive and the pulse can propagate in
the plasma. For the higher-beam-inten-
sity part of the beam, i.e., the part on the
beam axis, the plasma frequency is less
than the frequencies that correspond to

the pulse wing. This will modify the laser
wave front and create a self-focus beam.

Relativistic self-focusing in reflection:
isolated attosecond pulse generation 
For �<�p, Eq. (7) is negative. The pulse
cannot propagate and is reflected at the
critical surface. However, the high pres-
sure of the light pushes the plasma 
critical-density surface to twice the 
laser frequency, making a dent in the 
surface that maps the beam spatial inten-
sity profile.

In the relativistic �3 regime, the laser
energy is focused at one cubic wave-
length. If the light is linearly polarized the
electrons will collectively move back and
forth along the critical surface. This time-
dependent deformation of the critical
surface will produce a deflection of each
electromagnetic half-cycle in a specific
direction [Fig. 5(b)], providing a simple
means to generate isolated attosecond
pulses efficiently.21 The relativistic
motion of the critical surface compresses
the incident femtosecond pulse to the
attosecond regime because of the rela-

tivistic Doppler effect. To understand this
compression, note that, for a fraction of
the cycle, the incident pulse travels oppo-
site to the mirror motion formed by the
critical surface. As we have seen, in this
regime the critical surface also moves at
close to the speed of light �. Since the
reflected light must also travel at c, there
is no alternative but for it to be com-
pressed, which produces an electromag-
netic accumulation along the critical
surface. The compression factor depends
on the critical surface velocity and is
closely dependent on the plasma stiffness,
i.e., the plasma density. Low density plas-
mas are softer than high density ones.
The compressed pulse duration has been
determined by a particle-in-cell (PIC)
simulation to be given by 	 ~ 600/a0

attoseconds (see Fig. 6). From the PIC
simulation, it was also determined that
the compressed pulse optimum duration
is obtained for ne = a0nc /2. This tech-
nique is an interesting alternative to the
recently demonstrated one based on high
harmonic generation caused by bound
electrons.22 The advantage of the rela-
tivistic optics approach is that it can be
scaled up to high energies, from the milli-
joule to the several-joule level, in contrast
with demonstrated attosecond schemes
that can compress only millijoule pulse
energies with an efficiency of 10-6. For
a0~100, corresponding to incident inten-
sities of ~1022 W/cm2, an ~6-attosecond
pulse could be produced by relativistic
compression and deflection.

Nonlinear QED on a tabletop 
Figure 1 shows that there is a regime
around 1029 W/cm2 at which it becomes
possible to produce electron-positron
pairs.23 The condition to obtain such
pairs is given by 

Es�c e = 2m0c2 (9)

Here �c = h/m0c is the Compton
wavelength and E is the laser field.
Equation (9) simply states that to create
pairs the work of the laser field over a
Compton wavelength must be equal to
the electron-positron rest-mass energy.
This Es field is known as the critical field
or the Schwinger field. Es ~ 1016 V/cm
corresponds to a laser intensity of
1029 W/cm2.
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Figure 5. (a) Relativistic self-focusing in
refraction. Here the index of refraction is
changed by the change in the electron 
mass and, as a consequence, the plasma 
frequency. (b) Relativistic self-focusing in
reflection showing the deformation of the
critical surface by the pressure of light from 
a strongly focused beam.

(a)

(b)
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An alternate way to view the process
of electron-positron generation from
vacuum is by considering the vacuum 
as a dielectric medium with a gap of
EG = 2m0c2. The field required to pro-
duce an electron-positron pair is the
same that is needed to bend the band so
that an electron can tunnel from the
Dirac sea into a vacuum state (Fig. 7).
The probability of such an event occur-
ring is given by 


Es  W � exp  – —– (10)� E �
The intensity necessary to reach pair

creation is greater than 6 orders of mag-
nitude higher than that which can be
produced today, ~1022 W/cm2. To bridge
this enormous gap, the electric field was
enhanced by colliding a short and intense
pulse with a Stanford Linear Accelerator
Center (SLAC) superrelativistic, 50-GeV
electron beam. The Lorentz factor is 
� = 105, and the laser field of 2 � 1010

V/cm (corresponding to an intensity of
1018 W/cm2) can be enhanced by 105 to
reach the critical field.24

The progress in relativistic compres-
sion that has been described above could
make possible the generation of electron-
positron pairs directly from the laser. At
the University of Michigan, we are on the
verge of having a tabletop laser that could
produce an intensity close to 1023 W/cm2,
which corresponds to a0 > 100. From the
scaling law described above, we should
obtain 	 ~ 6 attoseconds, at which point
the wavelength of such a compressed

pulse would also be reduced by ~100.
The focal volume would then be reduced
by 6 orders of magnitude. If we assume
an efficiency of 10-1, an intensity close to
the critical intensity of 1029 W/cm could
be reached with a tabletop laser and boil-
ing vacuum.

Conclusion
Today, laser intensities are such that dur-
ing light–matter interaction the electron
motion is dominated by relativistic
effects responsible for a new type of non-
linear optics called relativistic nonlinear
optics. Relativistic nonlinear optics is
characterized by extreme field gradients
(teravolts/meter) and light pressure in the
gigabar regime. Relativistic nonlinear
optics offers an attractive way to effi-
ciently generate attosecond pulses with
intensities near the critical (Schwinger)
field. It may also serve as the gateway to
new horizons of physics.
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Figure 7. Pair creation. Electron tunneling
from the Dirac sea into a vacuum state.

Figure 6. Compressed and deflected
attosecond pulse. The combination of
relativistic deflection and compression
leads to a 200 attosecond isolated pulse.
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