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The F-word in Optics 
F-number was first found for fixing photo
graphic exposure. But F/number is a far 
more flexible phenomenon for finding facts 
about optics. Douglas Goodman finds fer
tile field for fixes for frequent confusion for 
F/#. 

The F-word of optics is the F-number,* 
also known as F /number , F/#, etc. The 
F-number is not a natural phys ica l 
quantity, it is not defined and used con
sistently, and it is often used i n ways 
that are both wrong and confusing. 
Moreover, there is no need to use the F-
number, since what it purports to de
scribe can be specified rigorously and 
unambiguously wi th direction cosines. 
The F-number is usually defined as fol
lows: 

A further identification is usually 
made wi th ray angle. Referring to F ig 
ure 1, a ray from an object at infinity 
that is parallel to the axis i n object space 
intersects the front pr incipal plane at 
height Y and presumably leaves the rear 
principal plane at the same height. If f 
is the rear focal length, then the angle 
of the ray i n image space θ' is given by 

In this equation, as i n the others here, a 
sign convention for angles heights and 
magnifications is not r igorously en
forced. C o m b i n i n g these equations 
gives: 

For an object not at infinity, by anal
ogy, the F-number is often taken to be 
the half of the inverse of the tangent of 
the marginal ray angle. 

However, Eq. 2 is wrong. For lenses 
corrected for coma, the correct and ex

act equation is given by the sine condi
tion: 

where φ is the power of the lens, n' is 
the image space refractive index, and 
NA' is the image space numerical aper
ture. Even if there is some coma, this 
equation holds very closely. The tan
gent equation, Eq . 2, arises from the 
description of what is often taken to be 
ideal lens behavior, for wh ich every 
point i n object space is stigmatically 
imaged. If the refractive indices i n both 
spaces are constant, such imaging is 
described mathematically by the col-
linear transformation. However , such 
imaging is fundamentally impossible, 
except i n the special case of an afocal 
system w i t h magnification n/n'. This 
postulated behavior is self-contradic
tory, since the assumption of perfect 
imaging at every point implies that the 
path lengths involved i n imaging ind i 

v idua l points are not equal. 
The F-number suffers from st i l l 

more problems: 
• The literature also contains the defi
ni t ion F-number = (focal length) / (exit 
p u p i l diameter). By itself, this ratio is 
useless, since outgoing ray angles are 
not determined without also specify
ing the axial position of the exit pup i l . 
• The literature contains confusing dis
cussions of the variation of F-number 
wi th conjugates. A common equation 
is: Fm = (1 + m) F ∞ where Fm is the F-
number for magnification m and F∞ is 
that for an object at infinity. This is a 
relationship between tangents of ray 
angles, wh ich presumes both the va l id 
i ty of the col l inear t ransformat ion 
(which never holds), and the assump
tion that the pupi ls are at the principal 
planes (which may not be the case). 

*It w o u l d be of interest to learn the 
history of this term. Is this k n o w n by 
any readers? 
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These problems cannot be cured by us
ing numerical apertures, since if nu
merical apertures are known for one 
magnification, then from this informa
tion alone they cannot be found for 
other magnifications. A further com
plication is that different structures of a 
lens can act as the stop for different 
conjugates, complicating the way that 
the numerical apertures vary w i t h ob
ject position. 
• For some inexplicable reason, the F-
number for an object at infinity is often 
given for lenses intended to be used at 
finite conjugates. (Perhaps this is done 
since, say, F/1 sounds more impres
sive than F/2.) F rom the F-number for 
infinite conjugates alone, that for finite 
conjugates cannot be found without 
additional information about the p u p i l 
locations. A n d again, the numerical 
aperture analog also fails; if the nu
merical aperture is given for an object 
at infinity, then from this information 
alone, neither numerical aperture can 
be found for other conjugates. 

• What is the relationship between ob
ject space and image space F-numbers? 
The expressions of collinear transfor
mation give m=tanθ/tanθ', but the sine 
condition gives m=n sin θ/n' sin θ'. A s 
mentioned above, the sine condition is 
exact for a lens wi th no coma, and holds 
very we l l i n most cases. The tangent 
relationship comes from the collinear 
transformation. Note that the sine con
d i t i o n conta ins refract ive ind ices , 
whereas the tangent relationship does 
not, and this is related to the failure of 
the collinear transformation to account 
for optical path lengths. 

• What is the F-number of an afocal 
system? When used at finite conjugates, 
afocal lenses certainly have numerical 
apertures. 

T H E R I G H T W A Y T O D O T H I N G S 
For lenses that are rotationally sym
metric wi th circular apertures, and for 
axial object points and object planes 
perpendicular to the axis, use the sines 
of the marginal ray angles. In the more 
general case of arbitrary systems, in 
cluding arbitrarily shaped apertures 
and pupils, and tilted or non-flat object 

and image planes, use direction cosines 
(Fig. 2). A t each field point, construct a 
coordinate system w i t h an axis perpen
dicular to the object surface. Determine 
the extreme rays that pass through the 
lens, and find their intersection w i t h a 
unit sphere about the field point. Project 
the intersection w i t h the unit circle i n 
the plane tangent to the image surface 
at the field point to obtain the extent of 
the pup i l i n direction cosines. The sin θs 
of the numerical aperture are just d i 
rection cosines i n disguise for the spe
cial case of rotational symmetry. (Optics 
is filled wi th direction cosines disguised 
as sines, for instance, Snell's law and 
the grating equation.) 

When things are done i n this way, 
al l is harmonious. The equations are 
general and exact, and ray optics, wave 
optics, and radiometry are as one. A n d 
by using ray angles and not heights, 
afocal and non-afocal systems are 
treated identically. 

A s an example of the simplifica
tion that occurs when this approach is 
taken, consider the "cosine-to-the-
fourth" type variation of image irradi
ance w i t h field position. Let α and β be 
the direction cosines used for p u p i l d i 
rections. If an element of the object sur
face emits according to a Lambertian 
distribution, then the power collected 
by the lens is proportional to ∫dadβ, 
where the integral is over the p u p i l d i 
rections. The common expression sin 2θ 
is just the special case of this integral 
for a circular pup i l , an object plane per
pendicular to the axis, and an axial ob
ject point. The "cosine-to-the-fourth" 
law is nothing more than an approxi
mation of ratio of the integral ∫dadβ for 
field points to that on axis i n the case of 
rotationally symmetric situations w i t h 
planar objects. 
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