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The publication of the Traité de la Lumière in 16901 by the 
Dutch physicist and mathematician Christiaan Huygens— 

300 years ago—may be considered the culmination of geometri
cal optics in the 17th century, a century that had witnessed the 
birth of this discipline as a new branch of the already quite 
venerable science of optics. 

Several factors led to the need for a rigorous and quantita
tive approach to the study of light propagation through various 
media and systems. Among these were the physical and math
ematical investigations of Wil lebrord Snell, René Descartes, 
Pierre de Fermat, and Walther von Tschirnhausen (see Ref. 2 for 
a summary), to name only the most eminent "opticians," which 
had taken place earlier in the century, as wel l as the appearance 
of the first (and highly successful) optical instruments. 

The foundations of geometrical optics were laid in that era. 
The achievements of the "savants" listed above are remarkable 
in their extent, depth, and variety. They may be briefly summa
rized, in more-or-less chronological order, as follows: 
• O n the basis of semi-experimental considerations, Snell and 
Descartes arrived independently at the laws of refraction and 
reflection. 
• Fermat, attempting to give a theoretical explanation for these 
laws, introduced the concept of optical path. He proposed a 
principle stating that as light travels, it somehow "chooses" the 
trajectory that minimizes the optical path ("nature operates by 
the simplest and most expeditious ways and means" 2). 

• Descartes invented analytic geometry and used it in optical 
applications.3 A lso, in his quest for the perfect lens, he proposed 
the use of conies. To these curves, which were wel l known since 
antiquity, he added a generalization thereof—the remarkable 
ovals that now bear his name. 

• Tschirnhausen gave the first mathematical treatment of caus
tics (he coined the name). One may surmise that he had become 

interested in the concept because of his attempts to obtain very 
high temperatures by focusing sunlight wi th mirrors. The no
tion of caustics as envelopes of rays and loci of light concentra
tion is due to him. 4 

• Finally, Huygens himself devoted much effort to studying 
optical instruments—mostly, though not exclusively, for astro
nomical applications 5 , 6—and the aberrations (geometric and 
chromatic) of lenses and the eye. A s important as Huygens' 
practical achievements appeared, however, they were destined 
to be overshadowed by his theoretical work. 

One may note in passing that these scholars had many 
interests in areas besides optics—physics, astronomy, math
ematics, and even philosophy. In fact, their contributions to 
geometrical optics are now considered minor (or even over
looked) by comparison wi th their other works. This is perhaps 
more a reflection on the current status of geometrical optics—as 
perceived by their 20th-century biographers—than a fair assess
ment of these contributions, however. A lso, it is difficult at times 
to separate the optically relevant aspects of their studies, since 
the distinction between optics and the remainder of physics and 
mathematics was not yet f irmly drawn. Geometrical optics was 
long considered a branch of geometry (and accurately so)—at 
the same time an applied form of geometry and the source of 
inspiration for "purely" geometrical developments. 

HUYGENS' PRINCIPLE 

To explain luminous phenomena, Huygens advanced in his 
treatise a wave theory of light (in opposition to Newton's 
corpuscular theory). In particular, Huygens put forth a novel 
concept of light propagation, that of the wavefront. This concept 
is embodied in the so-called "Huygens' principle," which has 
since become the most fundamental tenet of geometrical and 
physical optics: 
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Light, according to Huygens, is an irregular series of shock 
waves (or wavefronts) that proceeds with very great, but finite, 
velocity through the "ether" (consisting of uniformly minute 
elastic particles compressed very close together). Light, there
fore, is not an actual transference of matter (as propounded by 
Newton), but rather of a "tendency to move," a serial displace
ment similar to a disturbance proceeding from colliding to 
collided particles. Huygens concluded that new wavefronts 
originate around each particle touched by light and extend 
outward in the form of spheres. Single wavefronts originating 
at single points are infinitely feeble; but where infinitely many 
of these wavefronts overlap, there is light—that is, on the 
envelope of the fronts of the individual particles.7 

Using his theories, Huygens was able to formulate an explana
tion for refraction and reflection different from the (purely 
mathematical) one proposed earlier in the century by Fermat. 

Huygens was far ahead of his time and his deductions d id 
not receive much attention for more than a century. Time, 
however, has done h im justice, and his principle still retains the 
attention of mathematical physicists in their ever-more-pro
found interpretations.8 

A s the 17th century was drawing to a close, two mathema
ticians who probably derived inspiration from Huygens' theo
ries were the brothers Jakob and Johann Bernoulli. Expanding 
upon Tschirnhausen's prior work on caustics, Jakob Bernoull i 
published a study entitled Lineae cycloidales, evolutae, antevolutae, 
causticae, anticausticae, pericausticae,9 in which he introduced the 
dual differential geometry concepts of evolute and involute— 
the optical equivalent of caustic and wavefront. 

Bernoulli argued that within the family of wavefronts that 
give rise to a given caustic, there existed a "pr iv i leged" 
wavefront—which he called tbeanticaustica—whose mathemati
cal expression should be simpler than that of any other. The 
anticaustica corresponds to the wavefront of zero algebraic 
optical path difference, a concept that has been revived by 
subsequent authors under the names archetypal wavefront, 1 0 

orthotomic, 1 1 secondary caust ic , 1 2 , 1 3 and , appropr ia te ly , 
anticaustic.1 2 , 1 3 This article makes much use of the anticaustica 
concept: we believe that re-introducing the term anticaustic is 
appropriate, and constitutes also a small homage to a great 
geometer. 

G E O M E T R Y S L U M B E R S , T H E N R E V I V E S 

The first "golden age" of geometrical optics thus came to an end. 
The field, as with much of geometry, fell into a century long 
slumber. This neglect was due not to a loss of interest in the 
subject, but mostly to the unavailability of the mathematical 
tools necessary for the fruitful pursuit of its study. Most math
ematicians, therefore, occupied themselves with the develop
ment of algebra and, above all, of the integral and differential 
calculus, which progressed rapidly during this period. 

A s soon as algebra and analysis reached a state compatible 
with the furtherance of geometry, however, the latter was 
revived. This re-awakening of geometry was mostly due to the 
publication of Applications de l'Analyse à la Géométrie by the 
French mathematician Gaspard Monge in 1807.2 To the existing 
branches of geometry—synthetic, projective, and analytic— 
Monge added two new ones: differential geometry and descrip
tive geometry (the latter being of no concern to us). The early 

19th century also witnessed the physical-optics discoveries 2 of 
Étienne Louis Malus and August in Fresnel, who reaffirmed the 
validity of the Huygenian approach (which had been somewhat 
relegated to the background by the Newtonian theories). 

Relying now on a rigorous and sound theoretical and 
physical arsenal, geometrical optics resumed its former impor
tance and entered a "second golden age." This was confirmed by 
the discoveries of not only Malus and Fresnel, but also of 
Gergonne and Dup in 2 (all four former pupils of Monge, inciden
tally, as graduates of the École Poly technique) fol lowed by those 
of the Irish adolescent Hamil ton, 1 4 which put classical theoreti
cal geometrical optics on a f irm, and one might say definitive, 
ground. Geometrical optics is, after al l , nothing but the study of 
a very remarkable congruence of curves (straight lines most of 
the time). 

Gergonne, in his paper delightfully entitled "Sur la façpn 
dont nous voyons les poissons et dont les poissons nous voient" 1 5 

(as quoted in Ref. 12) proved that the anticaustic corresponding 
to the refraction of spherical waves at a planar interface was a 
conic, perhaps the first novel geometrical optics result in 120 
years. Conics had appeared before, as mentioned above—but as 
refracting surfaces, not wavefronts. 

The French geometer Sturm 1 3 and the Belgian mathemati
cian Quetelet 1 2 , 1 3 (whose important optical activities are gener
ally unknown—the otherwise wel l informed Dictionary of Scien
tific Biography2 has no mention of them—and whose present 
fame rests on work in social statistics) established in 1825 that the 
anticaustics corresponding to refraction in a sphere of light 
emanating from a point source were Cartesian ovals.The French 
geometer Chasles hailed this beautiful discovery 1 3 as a "résultat 
singulier, qui donne à ces ovales, crées par Descartes pour la 
Dioptrique, une seconde application à cette même science." 1 6 

This profound result, considered classical until 1900,11 has now 
fallen into the deepest oblivion. 

The next person whose contributions deserve our attention 
is the English mathematician Arthur Cayley 2 whose prodigious 
output includes two (among many) optical studies: " A memoir 
upon caustics" 1 7 and a "Supplementary memoir upon caus
tics," 1 8 which may be said, such being their completeness, to 
exhaust the field (at least from the classical standpoint, i.e, the 
two-dimensional case wi th single plane or spherical refracting 
surfaces, and a single source—possibly at infinity). Cayley's 
papers are remarkable not only for their mathematical develop
ments, some of them obtained after what must have been very 
laborious calculations, but also for their numerous and very 
exact illustrations. 

The contributions (see Ref.2) of Maxwell , Salmon, Mannheim, 
Laguerre, Kummer, Darboux, Lie, Bruns, 1 9 Study, K le in , 2 0 

Schwarzschild, Hadamard, Levi-Civi ta, and—much later— 
Carathéodory,2 1 all in the classical context, must also be men
tioned; they were all first-rate mathematicians who d id not find it 
beneath themselves to dabble in and derive inspiration from— 
mostly highly theoretical—geometrical optics. But with the ex
ception of Bruns (who, in effect, resurrected the work of Hamilton) 
and Schwarzschild, none of these contributions percolated down 
to applied geometrical optics. Mathematicians and opticians 
went their placid ways, ignoring each other, yet often working on 
the same topic—albeit at very different levels. 2 2 , 2 3 

Although not working toward strictly optical goals, George 
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Salmon (the "other," less famous, Irish mathematical genius) 
made noteworthy contributions. Studying curves that are "par
allel" to a given curve, Salmon discovered important results 
(e.g., the equation of the parallel to an ellipse, 2 4 which he was 
able, remarkably, to derive exactly, relying on earlier results in 
elimination theory). Salmon also wrote numerous texts on 
algebra and analytic geometry (e.g., Refs. 25, 26) that are still 
being reprinted, some 120 years after their original publication. 

A SECOND REVIVAL 

Following a century of explosive growth, and after the crowning 
and very general achievements of Levi-Civi ta and Cartan, clas
sical geometry went into another period of repose for a good part 
of the 20th century, to some extent for the same causes as in the 
18th century period alluded to above. This period is drawing to 
an end, however, for the fol lowing reasons: 

1. The availability of powerful new theoretical techniques. 
2. The appearance of computer graphics. 2 7 (see Figure 1 and 
cover.) The old treatises were often almost or totally devoid of 
figures (e.g., Darboux 2 8 or Bianchi 2 9). This was very detrimental 
to a particularly visual and even "plastic" science, and must 
have served to repel many, particularly those in search of 
applications. 

3. The development of computer algebra, 3 0 which facilitates and 
systematizes difficult or lengthy derivations (and, in combina
tion wi th graphics, encourages the practice of a rewarding form 
of "experimental mathematics"). 

4. The mysterious vagaries of mathematical taste. After having 
neglected geometry for so long, mathematicians now find the 
field most exciting. 

A s to geometrical optics, it follows the fortunes of geometry 
proper. Quetelet, Salmon, and Cayley have long been forgotten. 
Classical results are sometimes claimed as new or are mis-
ascribed. The revival of geometry should augur wel l for the 
future of geometrical optics, but under what form? 

Geometrical optics, under the guise of what is in fact 
aberration theory, has been a very active but austere and highly 
technical subject (e.g., Buchdahl 3 1 or Herzberger 3 2) during the 
entire 20th century. The outstanding results achieved by mod
ern lens designers speak for themselves (zoom lenses, photo
lithographic lenses, astronomical instruments, etc.). However, 
the subject has lost much of its former charm and elegance, and 
useful insights may be lost because of this. 

Aberration theory is still explained (although at the mo
ment this may not be so obvious) as a geometric discipline, but 
even this is being threatened by the reduction of the field to a 
branch of computer-driven, brute-force optimization theory. 

The hopeful geometric developments alluded to above 
may perhaps prove to have a beneficial optical effect, particu
larly for those concerned with the subject at hand, i.e., wavefront 
evolution and the accessorial classification of caustics. Among 
these developments, one should mention the impressive results 
associated wi th the "Russian school" under V.I. A rno ld 3 3 and 
the "Brit ish school" 3 4 , 3 5 (see also Ref. 4 for a well-illustrated and 
interesting recent review). 

A t this time, these developments have had little impact on 
geometrical optics proper. In 1837, Chasles deplored the neglect 
of the Huygenian theories for more than a century as an "Exemple 
remarquable de la lenteur avec laquel le avancent nos 
connaissances...Leçpn sévère pour l'orgueil de l ' esprithumain." 3 6 

In Ref. 37, we modestly attempt to re-examine some of the 
elementary geometrical optics problems alluded to above from 
the viewpoint of classical algebraic geometry and taking advan
tage of computer algebra and graphics techniques. Chasles' 
maxim has not lost its validity and opticians wou ld surely 
benefit from a greater discourse wi th mathematicians—what is 
there to lose? 
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