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T he Gaussian beam is an impor-
tant concept since, in many cir-
cumstances, it describes the light

beam produced by a laser. Unlike the rays
associated with geometrical optics, in
which the wave nature of light is neglect-
ed, the Gaussian beam is a wave phenome-
non, with diffraction playing a key role in
its propagation. It is therefore rather curi-
ous that the propagation of the Gaussian
beam, including its interaction with opti-
cal components such as lenses and mir-
rors, may be described by a simple exten-
sion of the ideas of geometrical optics. In
fact, as we will shortly demonstrate, it is
possible to describe the propagation of
such a beam using diagrams based only on
Euclidean geometry. All that is needed to
solve problems is a ruler and a pair of
compasses.

A knowledge of high-school geometry
alone suffices to solve many interesting
problems in Gaussian beam optics, such
as, for example, the important case of
mode matching. Diagrams can also pro-
vide insight into the effect of changing the
magnitudes of the various parameters in-
volved in a problem (e.g., wavelength,
spacing of components) and, as such, the
approach is helpful in an educational con-
text. Further, theorems in geometry can
often be used to provide alternative ap-
proaches to problem solving. If precise nu-
merical answers are required, they can al-
ways be obtained by the application of
trigonometry to the diagrams produced.
Using this approach, many happy hours
can be spent with ruler and compasses,
backed up with a pocket calculator, if need
be, honing one’s skills in Gaussian beam
optics.

Gaussian beams
To get started, we need to remember only
two fundamental equations from Gauss-
ian beam optics. The first is that for the ra-
dius of curvature of the wave front, R(z),
as a function of propagation distance (z),
and is 

b  2
R(z)=z. 1+  —   (1)[ [ 2z ]   ]

The second is that for the radial extent of
the wave front, w(z), as a function of prop-
agation distances (z), and is

————
2z 2

w(z)=w0 1+ —   (2)√[ [ b ]   ]

where w(z) is defined as the radial distance
from the optical axis to the point at which
the beam irradiance drops to 1/e2 of its
value at the optical axis.

In the above two equations, the propa-
gation distance z is measured from the
beam waist, the point at which the beam
has minimum radial extent, designated by
w0, and is also a plane wave. From this
point, the wave front spreads because of
diffraction, in the process acquiring a fi-
nite and changing radius of curvature,
R(z), as given by (Eq. 1) above, and in-
creasing in radial size, w(z), as given by
(Eq. 2) above. The influence of diffraction
is described through the confocal parame-
ter, b, in the above equations, this being
given by 

2�w0
2

b = —— (3)
�

where � is the wavelength of the radiation.
It can be seen from (Eq. 2) that b/2 is the
propagation distance from the beam waist
over which the beam area doubles. These
fundamental properties of a Gaussian
beam are shown diagrammatically in 
Fig. 1. Most basic texts on laser physics dis-
cuss these relations, for example see 
Refs. 1 and 2.

The basic analogies
From Eq. 2 above it is apparent that, in
general, the center of curvature of a wave
front at a general point along the propaga-
tion direction is not located at the beam
waist. Instead, its position changes with
propagation distance and only approaches
the beam waist when the wave front is in
the far field (i.e., when z becomes very
large).

From Fig. 2 it can be seen that the dis-
tance of the center of curvature from the
beam waist is R-z, for the case of the wave
front at z. Substituting for R using Eq. 1
above, the following identity relating to
this displacement can be readily obtained

b2 b2
(R–z).z= z.(1+ —-)–z  .z = — (4)[ 4z2 ]         4

This relation may be interpreted using the
intersecting chord theorem, as shown in
Fig. 3. At the location, O, of the beam waist
(z = 0) a vertical line, OB, of height b/2 is
drawn to represent the confocal parameter
(and hence the radius) associated with this
waist. It follows from Eq. 4 that the posi-
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Figure 3. Geometry relating center of curvature
(C) and radius of curvature (R) at point A to the lo-
cation (O) and magnitude (confocal parameter b)
of the beam waist.

Figure 2. Center of curvature (C) displaced from
the beam waist (O).

Figure 1. Basic parameters describing a Gaussian
beam.
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tion of the wave front, z, along the propa-
gation direction and the center of curva-
ture of the wave front, lie on diametrically
opposite ends of a circle which also passes
through B. The diameter of this circle is
the radius of curvature, R, of the wave
front. The properties of the circle mean
that CB is at right angles to BA. This leads
to a useful geometrical construction for
determining the center of curvature (and
hence the radius of curvature) of a wave
front at a particular position along the
propagation direction (z).

To determine the curvature of the wave
front to the point B, which itself is deter-
mined by the location and magnitude of
the beam waist, simply draw a straight line
from the point at which it is required. The
intersection with the optical axis of a line
drawn from point B at right angles to this
first line locates the center of curvature.
Such a construction has previously been
identified by Deschamps,3 for example
(see also Ref. 4), and has been used to lo-
cate the beam waist and to determine the
associated confocal parameter in the case
of a two-mirror laser cavity, as shown in
Fig. 4.

The principle of the method is that in
the case of a stable cavity, the radius of
curvature of the Gaussian beam at each of
the cavity mirrors must match the radius
of curvature of that mirror. Hence, for
each mirror, a circle is drawn as shown,

with the diameter of the cir-
cle equal to the radius of cur-
vature of the mirror and just
touching the mirror at the
point of intersection of the
optic axis with the mirror.
The intersection of the two
circles locates the position
and magnitude of the beam
waist. Conversely, if the re-
quired position and size of
the beam waist is known, the
circle method can be used to
obtain approximate values
for the mirror curvatures and
cavity dimensions. It follows
that this technique can form
the starting point in the de-

sign of a practical optical resonator.
We now develop the geometrical

method further by recognizing that in or-
der to uniquely describe the Gaussian
beam, it is also necessary to know (and be
able to display geometrically) the beam’s
radial extent, w(z), as a function of propa-
gation distance (z). A second but related

construction to that described above suf-
fices to do this. Starting from Eq. 2, we car-
ry out the following sequence of substitu-
tions

w 2 —  2z 2          
— = w 2 = 1+ —      =
w0

2 [  b  ]
 2z 2             b 2          4zR       R—- . 1+ —     =  —– = —– (5) b  [      2z  ] b2 R–z

The final relation of the above expression
leads to the geometrical construction
shown in Fig. 5. The line CB is extended so
that it intersects at P, the line that is drawn
perpendicular to the propagation direc-
tion at point A. It can then be readily de-
duced from arguments based on the simi-
lar triangles CBO and CPA that PA divided
by OB is the area magnification factor for
the Gaussian beam in propagating from
the waist at z = 0 to the general point z.
Further, the length PA is itself a (normal-
ized) measure of the beam size at the gen-
eral point z [in fact it is equal to (�w2/�)].

The combination of the above two
ideas leads to a single geometrical con-
struction for deducing the radius of curva-
ture, R(z), the center of curvature, C, and
the beam size, w(z), at a general point z
along the direction of propagation. By use
of similar geometrical ideas, it is also pos-
sible to describe the transformation of a
Gaussian beam by a lens or mirror.

Transformation of a 
Gaussian beam by a lens
It has been shown5 that on passage
through a thin lens, the radius of curva-
ture of a Gaussian beam immediately be-
fore the lens, R1, is transformed into a new
radius of curvature immediately after the
lens, R2 , according to the usual laws of
geometrical optics, namely

1    1        1— + — = — (6)
R1 R2 f

Here, f is the focal length of the lens. This
means that the centers of curvature of the
two wave fronts are conjugate points with
respect to the lens. In addition, if the lens
is thin and large enough in diameter to ac-
commodate the full radial extent of the
beam, then the radial size, w(z), of the
wave front is unchanged. Hence

w2(zL)=w1(zL) (7)

where zL refers to the position of the lens.
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Figure 6. Geometry for describing how a Gauss-
ian beam is transformed by a lens.

Figure 5. Geometry relating beam size (w) at a
general point A to the location and magnitude
(confocal parameter b) of the beam waist.

Figure 4. Geometry for determining the magni-
tude and position of the beam waist in a two-mir-
ror cavity.
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Using simple geometry, we can con-
struct the diagram shown in Fig. 6 to carry
out the above two transformations simul-
taneously, allowing the location and mag-
nitude of the new beam waist formed be-
yond the lens to be determined. The fol-
lowing steps describe the construction of
the diagram:

1. Define the position O1 and size O1B1

(= �w0,1
2/�) of the initial beam waist.

2. Position the lens (of focal length f ) as
required relative to this waist, so defin-
ing points L (position zL of lens) and F
(position of focal point of lens) are
along the optical axis.

3. Draw a straight line from L to B1.

4. Draw a further straight line at right
angles to this first straight line from B1

to the point where this latter line inter-
sects the axis. This locates the point C1,
which is the center of curvature of the
wave front immediately in front of the
lens and fixes C1L, which is the radius
of curvature of this wave front.

5. Extend C1B1 to meet the lens at L1.
This then defines the beam size, LL1, at
the lens.

6. Use the usual constructions of geo-
metrical optics to trace two rays from a
point P1, which lies in the (object)
plane passing through C1, to locate P1’s
conjugate point, P2, with respect to the
lens, and hence the conjugate point of
C1, namely C2. The point C2 is the cen-
ter of curvature of the wave front im-
mediately after transformation by the
lens, and LC2 is the radius of curvature
of the transformed wave front at this
point.

7. Draw in the line L1C2, and then draw
in the line from L which is perpendi-
cular to this former line, meeting it 
at B2.

8. The perpendicular from B2 to the opti-
cal axis locates the new beam waist, at
O2, and the length O2B2 gives the size
of this new beam waist (this length is
equal to b2/2).

The transformation of a Gaussian
beam by a lens has thus been determined.
In this treatment, full account is taken of

the wave nature of the beam, but
only simple geometrical construc-
tions, akin to those used in geo-
metrical optics, are employed.
Trigonometry may subsequently
be applied to the diagrams if more
precise quantitative information is
required. Although the procedures
spelled out above appear involved,
in reality they can be rapidly im-
plemented toward a solution.

This approach provides insight
into important configurations re-
lating to Gaussian beam imaging.
For example, Fig. 7 shows the confocal
arrangement, where the initial beam waist
is in the front focal plane of the lens and
has a confocal parameter equal to twice
the focal length of the lens. This leads to an
identical beam waist being reproduced in
the back focal plane of the lens. The dia-
gram also shows that the beam area at the
lens in this case is twice that at the beam
waist. Figure 8 illustrates the case in which
a lens is being used to focus a Gaussian
beam, the initial beam waist of which
(confocal parameter b1) is located imme-
diately in front of the lens, to a tighter
beam waist beyond the lens. The displace-
ment of the focused waist (confocal pa-
rameter b2) from the geometrical focus of
the lens is immediately apparent from the
diagram. The simple geometry provides
insight into how the confocal parameter of
the focused waist is influenced by chang-
ing either the focal length, f, of the lens or
the initial confocal parameter, b1.

Mode matching
The next consideration is the application
of the technique to solve mode-matching
problems. The problem may be stated by
reference to Fig. 9. Using a suitable lens,
one must transform a mode with a beam
waist located at O1 and a confocal parame-
ter b1, into a mode with a beam waist lo-
cated at O2 and a confocal parameter b2.
Examination of the constraints imposed
by the geometry of Fig. 9 generally indi-
cate that only one focal length and one po-
sition of the lens will bring about this 
result.

This problem can be solved by realizing
that there is a unique circle that may be
drawn through B1 and B2 and which has
the optical axis as a tangent; see Fig. 10.
The point on the circle where the optical
axis is tangential defines the position of
the lens, L. Application of the intersecting
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Figure 9.The problem of mode matching.

Figure 8. Geometry describing the focusing of a
Gaussian beam.

Figure 7. Confocal geometry.
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chord theorem allows this position to be
identified. If the line through B1 and B2 is
extended to intersect the optical axis at D,
then we have

DB1.DB2=(DL)2 (8)

Therefore, the required procedure is to
measure the lengths DB1 and DB2 from
the diagram and to then use Eq. 8 to calcu-
late DL. This latter length may then be
used to locate L by further measurement
on the diagram. (For purists, we will show
shortly that this problem may be solved by
geometry alone, without the need for a
calculator.). Once the location of the lens
has been established, the requirement that
C2 is the conjugate point of C1 may be
used to determine the focal length of the
lens, as shown in Fig.11.

To avoid using a calculator in the solu-
tion of the mode-matching problem, and
thereby to continue to employ only ruler-
and-compass geometry throughout, the
following procedure should be undertak-
en (see Fig. 12). Draw the circle (or just the
appropriate arc) that has B1D as a diame-
ter. From B2 draw the perpendicular to this
diameter until it intersects the circle at the
point E. The length DE is equal to the re-

quired length DL. Hence, draw an arc of a
circle with D as its center and with DE as
its radius, until the arc intersects the opti-
cal axis. The intersection point is L, the lo-
cation of the mode-matching lens. (To un-
derstand why the above procedure works,
consider the similar triangles DEB1 and
DEB2.)

Conclusion
Through the use of simple geometry ac-
cessible to any senior high school student,
we have shown that the propagation of
Gaussian beams and their transformation
via optical elements such as lenses and
mirrors can be fully described. Although
the concepts within geometrical and
Gaussian optics are generally considered
incompatible, an extension of the equa-
tions derived under the framework of
Gaussian optics leads to simple relations
which are equivalent to basic ideas of Eu-
clidean geometry. Hence, armed with only
a ruler and pair of compasses, it is possible
to solve problems relating to practical ap-
plications of Gaussian beams, such as
mode matching and the design of optical
resonators. The answers to these prob-
lems, as well as being accurate, can be ob-
tained in a matter of minutes. The tech-
niques described in this article can prove
invaluable as an educational tool, with the
resulting geometrical diagrams providing
insight into the effect of the various pa-
rameters involved, e.g., wavelength and fo-
cal length. Such insight would not be ex-
pected from a series of mathematical 
relations.
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Figure 12. Full geometrical solution for mode
matching.

Figure 11. Determining the focal length of the mode-matching lens.Figure 10. Determining the location of the mode-matching lens.
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