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Ernst Abbe (1840-1905), professor 
of physics and mathematics at the 

University of Jena, Germany, and ma
jor partner in the Carl Zeiss compa
ny, made important contributions to 
the theory and practice of optical mi
croscopy.1 His compound micro
scope is a superb optical design based 
on a theoretical understanding of dif
fraction and the minimization of the 
effects of aberrations.2 Abbe enunci
ated his famous sine condition with 
regard to the axial point in the object 
plane of a centered image-forming 
system, such as a microscope or a 
telescope. When this condition is sat
isfied, "aberration-free" imaging of 
the object points located in the vicini
ty of the optical axis is assured.1-6 

This month's column is devoted to an 

informal, heuristic description of the 
sine condition, which in the words of 
Conrady, is "one of the most remark
able and labor-saving theorems in the 
whole realm of applied optics."7 

As this column follows a rather 
unconventional approach toward 
explaining the sine condition, it is 
worthwhile to highlight its main 
features at the outset. 

An introduction of the necessary 
geometric-optical concepts provides 
the basis for defining the sine condi
tion. This is followed by establish
ing, for the axial object point, a one-
to-one mapping between the 
principal planes of the imaging sys
tem. The wavefront entering the 
system at the first principal plane 
(p.p.) is thus related to that emerg
ing from the second p.p. 

To describe the imaging of near-
axis regions, we switch to a wave-

optical viewpoint. Assuming that 
the axial object point is shifted to a 
nearby off-axis location, we derive 
the spatial phase modulation im
parted to the emergent wavefront in 
consequence of this small shift. By 
that time it will be apparent that 
aberration-free imaging of the off-
axis point requires this spatial phase 
modulation to be linear in a certain 
coordinate system, and that Abbe's 
sine condition is both necessary and 
sufficient to guarantee this linearity. 

A lens that violates the sine condition 
To appreciate the significance of 
Abbe's sine condition, consider the 
plano-convex lens shown in Figure 1. 
A collimated beam of light propagat
ing along the optical axis Z enters the 
flat facet of this lens and, upon exiting 
the second (hyperboloidal) surface, 
converges toward the focal point. The 

Figure 1. A plano-convex lens brings a 
collimated beam to perfect focus on an axial 
point. The lens is designed for λ = 633 nm. It 
has a 4-mm diameter clear aperture, a focal 
length of 1.1133 mm, and an NA of 0.75. The 
refractive index of the lens glass is n = 2.5, 
its thickness at the center is 1 mm, and its 
hyperboloidal surface has radius of curvature 
R c = 1.67 mm and conic constant k = - n 2 = 
-6.25. The second principal plane (p.p.) of 
this lens is tangent to its curved surface at 
the vertex. Both surfaces of the lens are 
assumed to be anti-reflection coated. 

Figure 2. (a) Logarithmic plot of intensity distribution at the focal plane of the plano-convex 
lens of Figure 1 for a circularly polarized, collimated beam traveling along the optical axis. 
(b) Same as (a) but for an obliquely incident beam traveling at 0 .076° relative to the optical 
axis. (c) Distribution of phase for the oblique beam entering the lens at its flat surface. The 
grayscale covers the interval from -180° (black) to +180° (white). (d) Distribution of phase 
for the oblique beam emerging from the lens at its second p.p. 
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conic constant of the second surface is 
chosen to bring the beam to a perfect 
(i.e., diffraction-limited) focus at the 
rear focal plane of the lens. The loga
rithmic plot of intensity distribution 
at the focal plane (see Fig. 2a) reveals 
the focused spot to be the well-known 
Airy pattern for this 0.75 NA lens. If 
the incident beam is tilted by a small 
amount, the focus shifts to an off-axis 
location but, more importantly, it ac
quires a significant amount of coma 
(see Fig. 2b).8 Thus, it is clear that a 
lens that works well for an axial object 
point is not necessarily suitable for the 
imaging of near-axis regions. The sine 
condition is intended to alleviate this 
problem. 

For comparison with a case to be 
described later, Figure 2c shows the 
phase distribution of the oblique 
beam at the front facet of the plano
convex lens; similarly, Figure 2d 
shows the phase distribution of the 
emergent beam (minus the curva
ture) at the second p.p. Note that the 
clear aperture at the second p.p. is 
reduced in size, and that the emer
gent phase pattern is "compressed" 
toward the optical axis in a nonlinear 
fashion. As we shall see below, the 
emergent phase pattern is quite dif
ferent for a lens that does satisfy the 
sine condition. 

Geometric-optical concepts 
The sine condition applies to a cen
tered optical system designed for 
"aberration-free" imaging of a small 
patch within the object plane to a 
corresponding patch within the im
age plane (see Fig. 3). The imaging 
system is intended for a given pair of 
conjugate planes so that the distance 
z 0 between the object and the first 
p.p. of the system is fixed, as is the 
distance z1 between the image and 
the second p.p. The lens formula 
1/Z0 + 1/Z1 = 1/f applies here, where f 
is the focal length of the system.5 

Throughout this article, attention 

is confined to systems where both the 
object and image are in the air; exten
sion of the results to situations where 
the object and image space have dif
fering refractive indices (e.g., immer
sion oil microscopy) is straightfor
ward, but is not discussed.4,5 

In the present context, "aberra
tion-free" imaging means that a cone 
of light emanating from any point 
(x0, y0) in the small patch within the 
object plane, when captured by the 
optical system, is turned into a con
vergent cone that—to a first approxi
mation in the relevant parameters— 
comes to focus at (x1, y1) in the image 
plane (see Fig. 4). 4 , 5 The point (x1, y1) 
is conjugate to (i.e., the Gaussian im
age of) the point (x0, y 0). Since the 
system is circularly symmetric around 
the optical axis, the axial point at the 
center of the object plane is imaged to 
the axial point at the center of the im
age plane. Denoting the distance be
tween (x0, y0) and the origin of the 
object plane by d 0, and similarly, the 
distance between (x1, y1) and the ori
gin of the image plane by d1, the 
transverse magnification m of the sys
tem is d 1/d 0. It is not difficult to show 
that m is also equal to z 1 /z 0 (see Fig. 3). 

Principal planes 
The concept of the principal planes is 
rooted in paraxial ray-tracing (i.e., 
Gaussian optics), where the angles 
between the rays and the optical axis 
are so small that the sine and the tan

gent of each angle can be approximat
ed with the value of the angle itself, 
sin θ tan θ θ. In the neighbor
hood of the optical axis, therefore, the 
entire system may be represented by a 
2 X 2 matrix and the principal planes 
are uniquely determined from this so-
called ABCD matrix of the system.5 

The principal planes are conjugate 
planes with unit transverse magnifi
cation. A ray entering the first p.p. at 
a certain height h will emerge from 
the second p.p. at the same height, as 
shown in Figure 5a. Thus h z 0 θ 0 

z 1 θ 1 , where θ 0 and θ1 are the angles 
of the incident ray and the emergent 
ray with the optical axis. Note that 
within the framework of the paraxial 
approximation, the system's entrance 

Figure 3. A small planar object in the vicinity of the optical axis in the X 0 Y 0 - p l a n e is imaged onto a small 
region of the X 1 Y 1 -plane. The principal planes of the imaging system are also shown. The object and image 
planes are a s s u m e d to be in air, s o that the refractive indices of both the object s p a c e and the image s p a c e 
may be set to unity. 

Figure 4. The cone of light emanat ing from an off-axis 
object point (x 0 y 0 ) is captured by the imaging sys tem 
and brought to focus at the corresponding image point 
( x 1 y 1 ) . Note that beyond the paraxial regime the rays 
enter ing the first p.p. at a given height do not neces
sarily emerge from the s e c o n d p.p. at the s a m e height. 
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aperture at the first p.p. is identical in 
size and shape to the exit aperture lo
cated at the second p.p. (The term 
aperture as used here should not be 
confused with pupil, which has a 
specific meaning in geometrical op
tics. The entrance and exit pupils also 
define the boundaries of the cones of 
light that enter and exit the system, 
but the pupils are not necessarily lo
cated at the principal planes.) 

Beyond the paraxial regime, the 
principal planes cease to be conjugate 
planes. Depending on its direction, a 
ray entering the first p.p. at a given 
height h might emerge from different 
locations on the second p.p. One 
might confine attention to a specific 
set of rays, such as those emanating 
from the axial point in the object 
plane, in order to fix the directions of 
rays that enter the system. Yet there is 
no guarantee that the height h of a 
ray on entering the first p.p. will re
main the same when it emerges from 
the second p.p. Of course one can 
impose this as a requirement on the 
system, but many other possibilities 
exist that are equally plausible, as 
long as they conform to the con
straints of the paraxial regime. Abbe's 

sine condition is one such require
ment placed on the heights of the en
tering and emerging rays. 

The sine condition 
Let us define two spherical surfaces: 
one in the object space, centered on 
the axial object point and tangent to 
the first p.p., and the other in the im
age space, centered on the axial im
age point and tangent to the second 
p.p., (see Fig. 5b). Instead of assign
ing heights to the rays in the princi
pal planes, the heights are assigned at 
the points where the rays cross these 
spherical surfaces. Thus, upon enter
ing the system, h = z0 sin θ0. (If the 
height were assigned at the p.p., the 
above expression would be written 
with tangent instead of sine.) Abbe's 
sine condition requires that all rays 
within the incident cone (emanating 
from the axial object point) emerge 
in the image space (where they form 
a converging cone toward the axial 
image point) at the same height at 
which they entered the system.4 

As long as the rays are close to 
the optical axis (where the spheres 
are tangent to the principal planes), 
the tangent and sine of a given angle 
are nearly the same. Thus Abbe's 
sine condition is consistent with the 
fact that in the paraxial regime the 
principal planes are unit-magnifica
tion conjugate planes. As the rays 
beyond the paraxial make it through 
the system, sinθ deviates from tanθ, 
and the height of a ray on the en
trance sphere is no longer the same 
as its height on the first p.p. (Simi
larly, the height of an emergent ray 
on the exit sphere differs from its 
height on the second p.p.) In a 
sense, therefore, the sine condition 
requires the bending of the principal 
planes into spheres to preserve the 
paraxial property that a ray entering 
the system at a given height emerges 
from the system at the same height. 

Whereas in the paraxial regime 
the angular magnification θ 1 / θ 0 

equals 1/m, where m is the transverse 
magnification of the system, it is the 
ratio sin(θ 1)/sin(θ 0) that equals 1/m 
in a system satisfying the sine condi
tion. This turns out to be of crucial 

significance for the image-forming 
system, as will be shown below. To 
emphasize the point, note that in the 
system of Figure 5a, where the enter
ing and emerging ray heights are 
equal at the principal planes, the ra
tio t a n ( θ 1 ) / t a n ( θ 0 ) equals 1/m, 
whereas in the system of Figure 5b, 
which satisfies Abbe's sine condition, 
the relevant ratio is sin(θ 1)/sin(θ 0). 

Aplanatic system 
A system that yields an aberration-
free image of the axial object point 
and satisfies Abbe's sine condition is 
said to be aplanatic.4,5 Many imaging 
systems in use today satisfy these 
conditions to a good approximation, 
if not exactly. Note that the clear 
aperture diameter of an aplanatic 
system as seen on the first p.p. is no 
longer equal to that on the second 
p.p. If NA0 is the numerical aperture 
of the largest cone of light emanating 
from the axial object point captured 
by the system, the aperture radius on 
the entrance sphere is z 0 N A 0 , where
as that on the first p.p. is z 0tan 
[sin - 1(NA 0)]. Similarly, in the image 
space the aperture radius on the exit 
sphere is z 1 N A 1 , while that on the 
second p.p. is z 1 tan [s in - 1 (NA 1 ) ] . 
Abbe's sine condition guarantees that 
Z0NA0 = Z 1 N A 1 , but, unless the imag
ing system has unit magnification, 
the aperture radii at the two princi
pal planes are not equal. 

What is surprising about the sine 
condition is that a requirement im
posed solely on the cones of light cor
responding to the on-axis points af
fects the quality of imaging for nearby 
off-axis points: once the sine condi
tion has been satisfied, all near-axis 
points within the object plane are im
aged, essentially free of aberration, to 
their conjugates in the image plane. 
Without the sine condition, however, 
images of the near-axis points will be 
degraded by aberrations, most 
prominently by coma. It is this sur
prising property of the sine condition 
that we shall elucidate further. 

The wave-optical viewpoint 
Having secured a one-to-one map
ping between the distribution of 

Figure 5. (a) In the paraxial regime the height h of a ray is 
m e a s u r e d from the optical axis in the principal p l a n e s . (b) In 
s y s t e m s that operate beyond the paraxial regime, one may 
define the ray height at the point where the ray c r o s s e s a 
reference s p h e r e . When a s y s t e m sat is f ies A b b e ' s s ine 
condi t ion, the height of a ray thus def ined will remain the 
s a m e upon enter ing and exiting the s y s t e m . 
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light entering the first p.p. and that 
exiting the second p.p. for the axial 
object point, we now switch to the 
viewpoint of wave optics and con
sider the perturbation of the wave-
front in response to a slight off-axis 
shift of the axial object point. 

In diffraction analysis of lenses 
conducted within the paraxial ap
proximation, it is customary to assign 
to the second p.p. the same complex-
amplitude distribution that exists on 
the first p.p. This distribution is then 
augmented by aberrations of the lens, 
if any, to account for deviations of the 
emergent wavefront from perfect 
sphericity.9 Thus if A 1(x, γ) represents 
the complex-amplitude distribution 
at the first p.p., the distribution at the 
second p.p. will be written 

Here λ is the wavelength of the light, 
W(x, y) represents wavefront aberra
tions, and the second exponential 
factor corresponds to a perfect spher
ical wavefront converging toward the 
focal point in the image space. 

For wide aperture systems, Eq. 1 
must be modified to account for devi
ations from the paraxial regime. For 
example, if the ray emerging from 
(x, y) in the second p.p. enters the first 
p.p. at (x', y') , then A1(x, y) in Eq. 1 
must be replaced with A 1 ( x ' , y ' ) , and 
the Jacobian of the transformation 
between the two principal planes 
must be properly accounted for to 
preserve the optical energy through
put of the system. 

Strictly speaking, since in non
paraxial regions the principal planes 
are no longer conjugate planes, a one-
to-one mapping between these planes 
is meaningless. In practice, however, 
the field-of-view of the lens is so small 
that a cone of light emanating from 
any point within the field-of-view is 
essentially the same as the axial cone 
in Figure 5b, but endowed with some 
form of phase/amplitude modulation. 
Thus the correspondence between a 
pair of points such as (x', y') on the 
first p.p. and (x, y) on the second p.p., 
established for the axial cone, remains 

approximately valid for all object 
points. Any phase/amplitude pertur
bation affecting the beam at (x', y') 
can then be transferred directly to the 
beam at (x, y), and the resulting dis
tribution within the second p.p. can 
be used as the initial distribution for 
further propagation through the im
age space. 

(Many authors prefer to use the 
amplitude distribution over the 
spherical exit surface in Figure 5b as 
the initial distribution, without ever 
referring to the principal planes. If 
one is interested in diffraction 
analysis using the spectrum of 
plane-waves, however, one should 
start with initial conditions that are 
defined on a flat surface, in which 
case the second p.p. provides a nat
ural frame of reference.) 

Wavefront perturbation due to off-axis 
shift of the object point 
The distribution of complex ampli
tude at the first p.p. due to a cone of 
light emanating from the off-axis 
point (x0, y 0 ) , may be determined by 
reference to Figure 6. The distance 
from (x', y ' ) to the off-axis point 
differs from that to the on-axis 
point by 

To a first approximation, therefore, 
upon arrival at the first p.p., the 
cone of light that originates at 
(x0, y 0 ) will be the same as that 
which originated from the axial 
point, albeit with a modulation by 
the following phase factor 

Note that the phase in Eq. 3 is linear 
in (S'x, S' γ) but not in (x', y') . Upon 
crossing the system the same phase 
factor appears on the beam at (x, y) 
of the second p.p. Now, and this is 
the crux of the matter, if the sine 
condition is satisfied this phase 
factor can be replaced with 
exp[i(2π/λ)(x1Sχ + y1Sy )], because 
the angular magnification between 
(S'x, S'y) and (Sx, Sy ) is exactly the re

verse of the transverse magnification 
m between (x0, y 0) and (x1, y 1 ) . The 
distribution at the second p.p. now 
corresponds to a spherical wavefront 
converging toward (x1, y 1 ) , with no 
aberrations whatsoever. This is the 
essence of the sine condition, which 
cannot be over-emphasized: it is the 
reason behind "aberration-free" 
imaging of near-axial points. 

A wide-aperture aplanat 
As an example, consider an ideal in
finite-conjugate aplanatic lens having 
z0 = ∞, NA0 = 0, z1 = f = 4000λ, and 
NA1 = 0.75. The phase pattern of an 
obliquely incident plane wave at the 
first p.p. of this lens is shown in Fig
ure 7a (see page 60). The beam has a 
linear phase over the entire entrance 
aperture, as expected of a plane wave 
at oblique incidence. Upon emerging 
from the second p.p. the phase pat
tern of the beam is that of Figure 7b. 
In compliance with the sine condition, 
the exit aperture is seen to be larger 
than the entrance aperture, and the 
phase pattern has undergone some 
sort of nonlinear "stretching." [The 
emergent phase pattern in Figure 7b 
appears to be nonlinear, because it is 
displayed in the (x, y) coordinates; in 
(Sx, Sy ) coordinates it would be per
fectly linear.] 

The emergent beam comes to fo
cus at the focal plane of the lens, cre
ating the off-axis Airy pattern shown 
in Figure 7c. For comparison, the on-

Figure 6. The ray leaving the off-axis point (x 0, y 0 ) and 
arriving at (x', y') will travel a slightly different d istance than 
the ray from the axial point (O,O) which travels a long S ' 
toward the s a m e location. When (x 0 , y 0 ) is sufficiently c lose 
to the optical axis, the path length difference between these 
two rays can be approximated by the projection on S ' of the 
line joining (x 0 , y 0 ) to the point at the origin. The s a m e 
argument applies to the conjugate rays in the image s p a c e . 
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axis focused spot of the same lens is also shown in the 
figure. As expected, the off-axis spot is free from aber
rations and the two spots are essentially identical. 

It is not difficult to design an aplanat with the 
characteristics of the lens in the above example; a spe
cific design is shown in Figure 8. The various parame
ters of this meniscus, which consists of two conic sur
faces, are listed in the figure's caption. 

Offense against the sine condition 
Let us now examine the special case of a lens in 
which the ray heights have been made equal at the 
principal planes. Here (x, y) = (x', y'), and the dif
ference between the actual and the ideal (i.e., aber
ration-free) emergent wavefronts is 

Note that S χ and Sy are proportional to sinθ, but in 
the present case it is tanθ that is magnified by 1/m. 
A Taylor series expansion yields 

To a first approximation, therefore, the difference be
tween sinθ and tanθ is proportional to sin3θ. This 
difference, when inserted into Eq. 4, produces prima
ry coma. Thus, when the rays that enter at a given 
height on the first p.p. emerge at the same height on 
the second p.p., perfect imaging of the axial point re
sults in comatic imaging of the near-axis points. 

Similar arguments may be advanced for systems 
that violate the sine condition in ways other than 
described above. In general, offense against the sine 
condition results in primary and higher order coma 
in near-axis regions of the image plane. 

The image of a diffraction grating 
An appealing argument in favor of the sine condition 
involves the image of a diffraction grating.10 Consider a 
small grating of period P placed perpendicular to the 
optical axis in the object plane of the system of Figure 
3; the illumination is coherent, collimated, and mono
chromatic with wavelength λ. The nth diffraction order 
leaves the grating at the Bragg angle θn relative to the 

optical axis, where sinθn = nλ/P. In the image plane, the grating period is mP, 
where m is the transverse magnification of the system. Therefore, to obtain a dis
tortion-free image, it is necessary that all sinθn be magnified by 1/m; in other 
words, the sine condition ought to be satisfied. 
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The OSA-Library 
Connection 

BY KATHY NORDHAUS 

Moving into new arenas is often a 
daunting proposition, so when 

OSA took its first steps into elec
tronic publishing, the Society began 
to look for ways to ensure that its 
products would be marketable. One 
place OSA turned to was its Library 
Advisory Committee (LAC). Origi
nally an ad hoc committee formed 
in 1993 to build firmer links to the 

Figure 7 . (a) Distribution of phase at the first 
p.p. of an infinite-conjugate lens having 
NA = 0 .75 and f= 4000λ. The entrance 
aperture radius is 30000λ, and the incident 
beam propagates at θ = 0.076° relative to 
the optical axis. The grayscale covers the 
interval from -180° (black) to +180° (white). 
(b) Distribution of phase at the second p.p. 
Since the lens satisfies A b b e ' s sine condition 
the exit aperture radius is 4536λ. (c) Loga
rithmic plot of intensity distribution at the 
focal plane showing the axial focused spot 
(center) and the off-axis spot corresponding 
to an oblique incidence angle of θ = 0.076°. 
The spots are nearly identical; both are 
substantially free from aberrations. 

Figure 8. Aplanatic men iscus brings coll imated 
b e a m s to diffraction-limited focus within its focal 
plane in the vicinity of the optical axis. This 4-mm 
diameter lens has f = 2 . 6 7 3 3 m m and NA = 0 .75 . 
The refractive index of the lens g lass is n = 2 .49486 , 
its th ickness at the center is 1 m m , and its conic 
sur faces have the following radii of curvature and 
conic constants : first surface R c = 2 . 2 6 8 7 5 m m , 
k = -0.20945, second surface R c = 3 . 8 7 4 9 3 m m , 
k = 0 . 0 8 1 7 3 . The second p.p. is 0 . 2 8 9 4 m m to the 
right of the first sur face 's vertex. 
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