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Ao denotes the strength of the field at the origin of the coordinate
system. Let us define the coordinates of a point in space-time as 
p = (x, y, z, ict). The coefficients appearing in the exponent of the
plane wave in Eq. (1a) can then be grouped together as 
� = [sin� cos�, sin� sin�, cos�, i], and the equation may be writ-
ten in compact form,

a (x, y, z, t) = Ao exp[i2�( f /c) � pT] , (1b)

where superscript T denotes a transposed vector. A second inertial
system, X�Y�Z�, in which the XYZ system moves with uniform ve-
locity V along the common Z-direction is shown in Fig. 1. The
origins of the two systems coincide at t = t� = 0. The point 
p� = (x�, y�, z�, ict� ) in the new coordinate system is related to p by
the Lorentz transformation,1,2

pT = L p� T , (2a)

where the 4 � 4 transformation matrix L is given by

1 0 0 0

0 1 0 0
L=                                                                                          . (2b)

0 0                 

0 0          

(Recall that c is a constant, having the same value in any frame of
reference in which it is measured.) L is a unitary matrix whose in-
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The characteristics of a beam of light emanating from a source
in uniform motion with respect to an observer differ from

those measured when the source is stationary. In general, it is ir-
relevant whether the source is stationary and the observer in mo-
tion or vice versa; the observed characteristics depend only on the
relative motion. The observed frequency of the light, for example,
has been known to depend on this relative motion since the Aus-
trian physicist Christian Doppler (1842) showed the effect to ex-
ist both for sound waves and light waves.1

The perceived direction of propagation of a light beam also
depends on the relative motion of its source and the observer.
The English astronomer James Bradley (1727) was the first to ar-
gue that the motion of the earth in its orbit around the sun caus-
es a periodic shift of the apparent position of fixed stars as ob-
served from the earth: a telescope viewing a star must be tilted in
the direction of the earth’s motion. Although this so-called stellar
aberration could be explained on the basis of the corpuscular the-
ory of light accepted at the time,1 certain features of it remained
poorly understood until the advent of Einstein’s special theory of
relativity in 1905.

The mid-nineteenth century measurements of the speed of
light in moving media could be made to agree with the prevailing
theories at the time only if one assumed that the moving medium
partially carried the luminiferous ether, the hypothetical medi-
um which filled the universe and in which the light waves propa-
gated. The magnitude of this ether convection depended on the
velocity as well as the refractive index of the moving medium.1

Since the refractive index is wavelength dependent, implicit in
these theories was the assumption that different ethers exist for
different light colors, each being carried at a different rate by the
moving medium.

This ad hoc and unsatisfactory state of affairs came to an end
with the advent of the special theory of relativity. Doppler shift,
stellar aberration, and the convection of light by moving media
are the various manifestations of the same fundamental phenom-
enon: different relative perceptions of space and time for ob-
servers in motion with respect to one another. In this article we
derive general formulas for all three phenomena by applying the
Lorentz transformation to a plane electromagnetic wave. Exam-
ples will be used to clarify the physics behind the formulas.

Plane waves and the Lorentz transformation
A plane electromagnetic wave of frequency f propagating in free
space along a direction specified by the polar and azimuthal an-
gles (�, �) within a Cartesian XYZ coordinate system has the fol-
lowing form:

a (x, y, z, t) = Ao exp{i2�( f /c)[(sin� cos�) x
+ (sin� sin�) y + (cos�) z – ct]}. (1a)

Here c is the speed of light in free space, and the complex vector
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1/√1–(V/c)2 i(V/c)/√1–(V/c)2

–i(V/c)/√1–(V/c)2 1/√1–(V/c)2

Figure 1. In the Cartesian XYZ coordinate system a plane wave of frequency
f (wavelength = �) propagates along the unit vector u.The polar and azimuthal
angles of u are denoted by � and �. As seen from another system, X�Y�Z�, the
XYZ system moves at a constant velocity V along the Z-axis. From the per-
spective of an observer stationary in X�Y�Z�, the plane wave is Doppler shifted
to a different frequency f �, and the polar angle of its propagation direction has
a different value ��.The azimuthal angle �, however, remains the same in the
two systems.
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––––––––––––––––––
f� = f √[1 – (V/c)] / [1 + (V/c)] . (5b)

When � = 90°, the observer is moving at right angles to the prop-
agation direction. The classical analysis does not yield any
Doppler shift in this case,1 but the relativistic formula yields

––––––––
f� = f /√1 – (V/c)2 . (5c)

It is possible to have a direction of propagation with no Doppler
shift at all, i.e., f� = f . From Eq. (4) this direction is found to be:

––––––––
cos� = [√1 – (V/c)2 – 1] / (V/c). (6)

Substitution into Eqs. (3b, 3c) reveals that, when the above condi-
tion is satisfied, �� = 180° – �.

Based on Eq. (4), Fig. 2(a) shows plots of f�/f versus V/c for
several values of �, while Fig. 2(b) shows plots of f�/f versus � for
different values of V/c. At a given velocity V, the beam is blue-
shifted when � = 0°, i.e., the observer moves opposite the direc-
tion of propagation, and red-shifted when � = 180°, i.e., the ob-
server moves along the propagation direction. If � is varied con-
tinuously from 0° to 180°, the frequency changes from blue-shift-
ed to red-shifted, becoming equal to f somewhere after � = 90°. As
V increases, the crossing point occurs at larger angles �.

Stellar aberration
The direction of propagation of the beam perceived by the ob-
server in the X�Y�Z� frame has polar angle ��, given by Eqs. (3b,
3c), and azimuthal angle �. Dividing Eq. (3b) by Eq. (3c) yields,2

________
tan�� = √1 – (V/c)2 sin� / (cos� + V/c). (7)

Figure 3(a) shows plots of �� as function of V/c for several values
of �. Similarly, Fig. 3(b) shows plots of �� versus � for different val-
ues of V/c. It is clear that, for a given �, the apparent direction of

verse is the same as its transpose, i.e., LLT equals a 4 � 4 identity
matrix. We substitute for pT in Eq. (1b) from Eq. (2a), and evalu-
ate �L as follows:

1 + (V/c)cos�
�L = ——————[sin�� cos�, sin��sin�, cos��, i]. (3a)————

√1 – (V/c)2

Here
________

sin�� = √1 – (V/c)2 sin� / [1 + (V/c)cos�] , (3b)

cos�� = (cos� + V/c) / [1 + (V/c)cos�] . (3c)

It is readily verified from Eqs. (3b, 3c) that sin2��+ cos2�� = 1,
which is needed if the above definition of �� is to be meaningful.
We conclude that the plane wave in X Y Z remains a plane wave in
X�Y�Z�, albeit with a different frequency and a different propaga-
tion direction.

Doppler shift
Replacing �pT in Eq. (1b) with �Lp� T and using Eq. (3a), it be-
comes clear that the optical frequency f� of the plane wave as mea-
sured in the X�Y�Z� system is given by

––––––––
f� = f [1 + (V/c)cos�] /√1 – (V/c)2 . (4)

This is the relativistic formula for the Doppler shift,2 valid for all
propagation directions � and all speeds V. When � = 0°, the prop-
agation direction and the motion of the observer are antiparallel.
In this case f� is greater than f (i.e., blue shifted) according to the
following formula:

––––––––––––––––––
f� = f √[1 + (V/c)] / [1 – (V/c)] . (5a)

When � = 180°, the propagation direction and the motion of the
observer are parallel, in which case f� is less than f (i.e., red shifted)
as follows:

Figure 2. A plane wave of frequency f and propagation direction (�, �) in the
X Y Z coordinates is observed from the X�Y�Z� system of Fig. 1.The Doppler-
shifted frequency f � seen by the observer is a function of V and �, but does
not depend on �. (a) Plots of f �/f versus V/c for several values of �. (b) Plots of
f �/f versus � for different values of V/c.

Figure 3. A plane wave of frequency f and propagation direction (�, �) in the
X Y Z coordinates is observed from the X�Y�Z� system of Fig. 1.The polar an-
gle �� of the beam seen by the observer is a function of V and �, but does not
depend on �. (a) Plots of �� versus V/c for several values of �. (b) Plots of ��

versus � for different values of V/c.



ENGINEERING

the focused spot over the grating.3 From (a) to (i), the groove cen-
ter’s distance from the center of the focused spot is 0, 0.2�, 0.4�,
0.5�, 0.6�, 0.8�, �, 1.1�, and 1.2�, respectively. In these simula-
tions the grating is assumed to be stationary in its various posi-
tions relative to the lens.

An alternative (and physically more accurate) explanation of
the baseball patterns of Fig. 5 may be based on the Doppler shift
between the 0th order and the ±1st order diffracted light cones de-
picted in Fig. 4. From the viewpoint of an observer in the grating’s
rest frame, the incident cone of light moves with velocity V along
the Z-axis. This cone is a superposition of a multitude of plane
waves of differing directions and frequencies. With reference to
Fig. 6, consider a plane wave of frequency f and propagation di-
rection (�, �) in the XYZ coordinate system in which the lens is
stationary. This plane wave, when seen from the grating’s rest
frame, has frequency f � given by Eq. (4) and propagation direc-
tion (��, �) given by Eq. (7). For the 0th order reflected plane wave,
the frequency remains f � but the propagation direction becomes
(��, -�). Viewed from the rest frame of the lens, this reflected 0th

order beam has frequency f and propagation direction (�, -�).
Thus the 0th order reflected cone—which is simply a superposi-
tion of various reflected 0th order plane waves—seen by the lens is
ignorant of the velocity V of the grating.

As for the +1st order beam, in the grating’s rest frame the dif-
fracted plane wave has frequency f � and propagation direction
(��+1, ��+1), where, in accordance with Bragg’s law,

cos��+1 = cos�� + (��/P), (8a)
sin��+1 cos��+1 = sin�� cos� . (8b)

Back in the rest frame of the lens, the diffracted +1st order plane
wave appears to have a new frequency f+1, where

propagation depends on the relative velocity between the observ-
er and the light source. For instance, if a telescope is aimed at a
distant star far above the plane of the solar system, then in a refer-
ence frame where the star is stationary, � = 90°. However, for an
earth-bound observer, cos�� = V/c, where V ≈ 31 km/s is the speed
of the earth in its orbit around the sun. As the earth travels in its
orbit, the direction of V changes and so does the apparent loca-
tion of the star. In a six-month period, cos�� changes by 2V/c,
causing a shift of 	�� ≈ 0.012° ≈ 43�� in the star’s apparent loca-
tion. (In contrast, the size of the parallax for the nearest star as
measured from the same location on the earth over a six month
period is less than 2��.)

Diffraction of light from a grating in uniform motion
Figure 4(a) shows a uniform beam of frequency f (and wavelength
� = c/f ) focused onto a diffraction grating through an objective
lens of numerical aperture NA. The grating’s period P is suffi-
ciently small to allow only the 0th, -1st, and +1st orders of diffrac-
tion to appear upon reflection. The three cones of light thus re-
flected from the grating are captured by the lens in the return
path. The partial overlap of the diffracted cones at the lens’s exit
pupil (resulting in interference among them) gives rise to the so-
called baseball pattern of intensity distribution. When the grating
moves at a constant velocity V along the Z-axis, the contrast with-
in the baseball pattern shows a periodic oscillation. This is caused
by the variation of the relative phase between the ±1st and the 0th

diffracted orders, the phase being dependent on the position of
the focused spot relative to the grooves on the grating.

As a specific example, Fig. 4(b) shows the surface profile of a
grating with a trapezoidal cross section having period P = 1.2�
and groove depth = 0.15�. Figure 4(c), a logarithmic plot of the
intensity distribution at the focal plane of a 0.6NA objective,
shows the diameter of the central bright spot—the Airy disk—to
be 1.22� /NA ≈ 2�. Figure 5 shows computed patterns of reflected
intensity at the exit pupil of the objective for several positions of
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Figure 4. (a) A monochromatic plane wave of wavelength � is focused, through
an objective lens of numerical aperture NA,onto a diffraction grating.The peri-
od P of the grating is small enough to support only the 0th and ±1st diffraction
orders upon reflection.The three cones of light returning from the grating par-
tially overlap in the exit pupil, giving rise to a “baseball pattern.” When the grat-
ing moves at constant velocityV in the focal plane, the contrast within the base-
ball pattern shows a periodic oscillation. (b) Trapezoidal profile of a grating hav-
ing period P = 1.2 � and groove depth = 0.15�. (c) Logarithmic plot of intensity
distribution at the focal plane of a uniformly illuminated 0.6 NA objective.

Figure 5. Patterns of intensity distribution observed at the exit pupil of the
objective of Fig. 4. From (a) to (i) the distance between the groove center and
the center of the focused spot is 0, 0.2, 0.4, 0.5, 0.6, 0.8, 1.0, 1.1, and 1.2 (in
units of �).
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the direction of motion of the observer.) The formula relating the
Rayleigh range to the beam waist and to the wavelength has been
derived with the implicit assumption that the beam is a superpo-
sition of plane waves of identical frequency.4 This is true in the
rest frame of the beam’s source, but decidedly false in the moving
frame. Therefore, our second method of determining L�o must be
wrong, leaving the Lorentz contracted Lo as the correct answer.

Convection of light by moving media
Consider a plane wave of frequency f and propagation direction
(�, �), propagating in a stationary medium of refractive index n.
By definition, the speed of light in this medium is c/n. The ex-
pression for the field distribution throughout space and time is
similar to that given by Eq. (1a), namely,

a (x, y, z, t) = Ao exp{i2�( f /c)[n (sin� cos�)x +

n (sin� sin�) y + n (cos�) z – ct]}. (11)

From the perspective of an observer whose frame of reference 
X�Y�Z� is in uniform motion relative to the stationary medium
(see Fig. 1), the expression for the field is obtained by substituting

_______
	f = f+1 - f =  -V/ [P √1 - (V/c)2] (9)

is independent of the incident beam’s propagation direction 
(�, �). The period P of the grating thus appears to have been
foreshortened by the Lorentz contraction factor, and the Doppler
shift 	f is proportional to the velocity V and inversely propor-
tional to the (contracted) grating period. Since 	f is independent
of the direction of the incident plane wave, the entire +1st order
cone will be Doppler shifted by the same amount. This Doppler
shift causes a beating at the exit pupil between the 0th order and
the +1st order cones in their area of overlap. The beat period,
1/	f , is independent of the groove profile as well as the NA of the
lens. The same arguments apply to the –1st order light cone, ex-
cept that the Doppler shift in this case is –	f.

We mention in passing that, for the plane wave incident at 
(�, �) in the rest frame of the lens, the propagation directions of
the ±1st order reflected plane waves are (�±1, �±1), where

________
cos� ± � / [P √1 - (V/c)2]

cos�± l = ——————————— (10)________
1 
 (V/c) � / [P √1 - (V/c)2]

and �±1 = ��±1 (see Eq. (8b)). Aside from the Lorentz contraction
of the grating period P, there is a relativistic correction to Bragg’s
law of diffraction from a moving grating. This correction term,
which appears in the denominator on the right-hand side of
Eq. (10), is of the first-order in V/c.

Rayleigh range of a moving Gaussian beam
Figure 7 shows a Gaussian beam of wavelength � propagating
along the Z-axis in the XYZ coordinate system, in which the
source of the beam is at rest. The beam diameter Wo at the waist
increases by a factor of √–

2 at a distance Lo = Wo
2/�, the Rayleigh

range of the beam.4 To an observer at rest in the X�Y�Z� frame,
the source of the Gaussian beam moves at constant velocity V
along the Z-axis. Since the beam diameter at any cross-section is
a measurable quantity along Y�, from the perspective of the ob-
server the beam diameters at the waist and at the Rayleigh range
remain Wo and √–

2Wo, respectively. However, the distance L�o be-
tween these two points appears to have shrunk by Lorentz con-
traction, that is, L�o = Lo√1–

————
(V/c)2——

. At the same time, the observ-
er perceives the wavelength � of the beam to have shifted in ac-
cordance with the Doppler formula to a lower or higher value,
depending on whether the motion of the light source is towards
or away from the observer. The Gaussian beam formula then
yields L�o = Wo

2/��, so that, in the observer’s rest frame, the
Rayleigh range L�o could be greater or less than Lo depending on
whether the observer moves towards or away from the light
source. The two conclusions thus reached are contradictory, leav-
ing one to wonder which prediction, if any, will be borne out by
experiment.

Upon closer inspection, the Gaussian beam will be recognized
as a superposition of many plane waves of differing propagation
directions. In the rest frame of the beam’s source, all these plane
waves have the same wavelength �, but viewed from a moving
frame the wavelengths differ for different propagation directions.
(The propagation directions of the various plane waves are not
the same in the two coordinate systems, thus resulting in a wider
or narrower spatial frequency spectrum in X�Y�Z� depending on

Figure 6. In the reference frame of the lens of Fig. 4, a plane wave of fre-
quency f incident at an angle � on a moving grating gives rise to a 0th order dif-
fracted beam of the same frequency and polar angle.The +1st order diffract-
ed beam, however, will have frequency f+1 and polar angle �+1. In the grating’s
rest frame, the incident beam has frequency f� and polar angle ��. All diffract-
ed orders have the same frequency f�.The polar angle of the 0th order beam
is ��, while that of the +1st order beam is ��+1.



ENGINEERING

gle �� are not only functions of � and V/c, as before, but they also
depend on the refractive index n of the propagation medium.
Similarly, the apparent index n� of the moving medium depends
on n, V/c, and � in accordance with Eq. (12b). For water of re-
fractive index n = 1.33, Fig. 8(a) shows plots of n� versus V/c for
several values of �, while Fig. 8(b) shows plots of n� versus � for
different values of V/c.

In the special case when the beam moves in the same direction
as the medium, � = 0° and Eq. (12b) simplifies to

n + (V/c) 
n� =   ————–   · (13)

|1 + n(V/c)|

When V << c , Eq. (13) yields Fresnel’s formula1 for the drag of
light by a moving medium,

c/n� ≈ (c/n) + (1 – n–2)V . (14)

Thus the speed of light in a moving medium increases by a frac-
tion of V if the light and the medium move in the same direction,
whereas the apparent speed of light decreases when the light
moves opposite the direction of motion of the medium.
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in Eq. (11) the Lorentz transformation of Eq. (2). This yields the
same expression as in Eq. (11) with � remaining the same but f, n,
and � changing as follows:

________
f � = f [1 + n(V/c)cos�] /√1 – (V/c)2 , (12a)

(n2 – 1)[1– (V/c)2]
————————n� = {1 +                                }

1/2
, (12b)

[1+ n(V/c)cos�]2

________
tan�� = n√1 – (V/c)2 sin� / [n cos� + (V/c)] · (12c)

It is clear that the Doppler-shifted frequency f � and the polar an-
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Figure 8.The refractive index n� of water (n = 1.33), moving at constant ve-
locity V along the Z-axis, depends on V and on the propagation direction �. In
the water’s rest frame, the assumed propagation direction of a plane wave of
wavelength � has polar and azimuthal angles (�, �). (a) Plots of n� versus V/c
for several values of �. (b) Plots of n� versus � for different values of V/c.

Figure 7. A Gaussian beam of wavelength � propagates along the Z-axis.The
beam diameter is Wo at the waist and √–

2Wo at the Rayleigh range, which is a
distance L o from the waist.To an observer moving with constant velocity along
the Z-axis, the beam diameters at the waist and at the Rayleigh range remain
Wo and √–

2Wo , but the distance between them appears to have shrunk by the
Lorentz contraction factor.

New England Section to Host

TELECOMMUNICATIONS SYMPOSIUM
April 29, 2002

The New England Section of the Optical Society of America will
host a technical symposium on components for optical telecommu-
nications, as part of the annual FiberFest sponsored by the New
England Fiberoptic Council (NEFC).

The afternoon program features talks by four scientists who are
leaders in their fields. Each of the talks will be in part a tutorial, and
in part a look into the future.

Technical program

Richard Sahara (Corning Lasertron)
Electro-absorption Modulation Lasers

Andrei Starodumov (LaserSharp Corporation)
Raman Fiber Lasers and Amplifiers

Jim Foresi (Clarendon Photonics)
Platforms for Photonics Integration

Scott Hamilton (MIT Lincoln Labs)
High-speed Optical Networks

The Symposium will be held at the Holiday Inn in Boxborough,
Massachusetts (Adams Place, off I-495, exit 28-East to Route 111).

For meeting information (reservations, schedule, abstracts),
please visit our web site www.nesosa.org, or call our information
line at (781) 386-3054. For more information about the FiberFest,
which also features a technology exhibit, please visit NEFC's web
site www.nefc.com.


