
Complexities and progress in 
studies of optical chaos 

By Neal B. Abraham 

Deterministic chaos has come to public apprecia
tion (via a recent PBS special and James Gleick's 
book Chaos) and to the quantum electronics com

munity (via a new understanding of the pervasive irregu
larity of laser pulsations)1 at about the same present mo
ment. The broader ubiquity of chaos and the intellectual 
challenges of its study are demonstrated by the interest of 
artists, astronomers, chemists, economists, mathemati
cians, neuroscientists, and physicists. 

For all the pervasiveness of its presence, "chaos", as a 
term used to describe complex nonlinear dynamical evolu
tion, is particularly discordant in the vocabulary of optics 
because "chaotic light" has had a well-defined, and nearly 
opposite, meaning. Before the fashion of nonlinear dy
namics and the ironies of its nomenclature, "chaotic light" 
described the random fluctuations of emission from ther
mal sources, randomized by the huge number of indepen
dent and interfering spontaneous emissions. Hence "cha
otic" was symonymous with random, thermal, Gaussian 
amplitude fluctuations, or correspondingly with a Bose
Einstein probability distribution for the photo statistics for 
the quantized field of a single mode. This was "stochastic 
chaos" in its historical meaning as in that which preceded 
the order of creation or the harmony of the Middle King
dom. 

Enter nonlinear dynamics. In this context, "chaos" 
means a certain type of complex dynamical behavior that 
is sufficiently irregular that it was first termed in the Rus
sian literature "autostochastic". The behavior may seem 
to be random, it is certainly not periodic, and its most 
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obvious characteristic is the broadband nature of its pow
er spectrum. Yet it is deterministic, its evolution is gov
erned by definite rules, and the aperiodicities are inherent 
in the dynamics. 

In this article, the focus will be on dynamical chaos in 
optical systems. Typically such systems are dissipative (not 
energy conserving) and in this case the solutions always 
involve trajectories that visit a very small subset of the 
variable phase-space. We are all familiar with simple solu
tions of dynamical systems, constant solutions, and peri
odic solutions, which have as their phase-space portraits 
points and simply connected curves, respectively. Chaos 
has an extremely complex phase-space portrait, one 
known as a strange attractor, which is a fractal, with a 
dimension larger than two, but not necessarily integer. 
The phase-space trajectory never repeats (requiring at least 
three dimensions for its phase space), hence the aperiodic 
nature and the broadband spectrum. 

Distinguishing chaos from random noise 
Over the last decade, measurable characteristics of cha

otic behavior have been explored with a focus on distin
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guishing deterministic chaos from random noise. This is of 
particular interest to those numerically simulating nonlin
ear systems who wish to know if their irregular solutions 
are numerical artifacts or if they are truly characteristic of 
their models and the systems they describe. It is equally of 
interest to experimentalists who wish to know if the irreg
ular behavior of their systems arises from external random 
perturbations or from internal nonlinear dynamics. It has 
been found that measurements of the entropy of the irreg
ular signal and of the dimension of the attracting set of 
values for trajectories in the phase space can both aid in 
characterizing different types of chaos and in distinguish
ing deterministic chaos from random noise. 

Another means of identifying chaos is to follow the se
quence of different behaviors as a parameter is changed. 
Many nonlinear systems change from regular to irregular 
behavior in similar ways as parameters are changed; these 
routes to chaos include period doubling (a cascade of sub-
harmonics), quasiperiodicity (a sequence of incommensu
rate frequencies) and intermittency. Many of their charac
teristics and their observation in optical systems have been 
discussed by Milonni, Ackerhalt, and Shih. 2 

In optics, the experimental study of chaos began in 
work on lasers and bistable optical devices. Work on lasers 
has grown from the first investigations by Arecchi and co
workers of chaotic response of a single mode laser to mod
ulation at the relaxation oscillation frequency and from 
the investigations of Casperson of the spontaneous irregu
lar pulsations of single mode gas lasers. Work in optical 
bistability (OB) grew out of the theoretical analyses of 
electro-optical systems with delay by Ikeda and corre
sponding experiments by Hopf and Gibbs and coworkers. 
The field of optical chaos has grown to encompass work 
on a multitude of OB devices, multimode lasers, and 
multiwave mixing via phase conjugation, four-wave mix
ing, and photorefractive effects, among others. Indeed, al
most any nonlinear optical process can lead to chaotic be
havior under some circumstances. When one adds consid
eration of the transverse prof i le and longi tudinal 
variations in optical systems, the spatial aspect becomes an 
important additional variable, and thus optical scientists 
have recently moved into the study of locally chaotic, spa
tio-temporal dynamics which is termed "turbulence" in 
analogy to spatio temporal dynamics in hydrodynamical 
systems. 

The Lorenz model and optical chaos 
The modern study of chaos in all disciplines traces its 

roots most often to E.N. Lorenz, M I T meteorologist, who 
in 1963 studied and explained the irregular behavior of a 
particularly simplistic (yet obviously sufficiently compli
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cated) model of the weather. The chance for optics to have 
been involved from the start in this new field was clearly 
there, in retrospect, since the single mode laser models of 
the early '60s of Oraevskiy, Uspenskiy, Haken, and Lamb 
all had the essential features for chaotic behavior that has 
since been found. 

However, it was not until 1975 that Haken showed the 
isomorphism between the single mode laser model and the 
Lorenz model, thereby endowing the laser theory with the 
chaotic behavior that had been better studied in its con
vective hydrodynamical counterpart. More limiting, how
ever, has been the fact that until recently there was no 
evidence that there were any single mode lasers that could 
operate in the region of parameter space described by the 
Haken-Lorenz model. Hence, the full role of optics in the 
study of nonlinear dynamics has emerged somewhat more 
slowly, though it now begins to rival the more traditional
ly chaotic (and turbulent) subfields of fluid dynamics and 
chemical reactions. 

So what's new in optical chaos? Recent progress is 
widespread, but several important steps that have been 
taken in understanding optical chaos will be reviewed 
here. These include: a) experimental and theoretical pro
gress in describing and finding Lorenz-like chaotic sys
tems; b) new insights on the nonlinear dynamics of the 
phase of the optical field; c) searches in optics for another 
common origin for chaotic behavior which is termed "ho
moclinic chaos" or "Shi 'nikov chaos"; and d) the sensitiv
ity of dynamically pulsing systems to their intrinsic noise. 

Lorenz-like chaotic optical systems 
The single mode laser model is even richer than the con

vective hydrodynamical equations of Lorenz because two 
of the real amplitudes in the Lorenz model correspond to 
the complex amplitudes of the electric field and the mate
rial polarization of the laser medium. Furthermore, detun
ing the laser from resonance introduces a complex param
eter into the model, breaking the symmetries and permit
ting a rich family of period doublings and period doubling 
chaos. However, Lorenz-like spiral chaos shown in Fig. 1 
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FIGURE 1. Pulsations of the electric field amplitude (horizontal axis) versus the population inversion for the Lorenz 
model that describes the single mode laser for resonant tuning. Parameter values are selected to give this spiral chaos 
behavior. (From U. Hübner, N.B. Abraham, and CO. Weiss, Phys. Rev. A, 1989.) 

is found for resonant operation of the laser. The steady 
state of the laser is specified only as to its intensity and 
hence there are two equivalent constant solutions, differ
ing in the sign of the electric field amplitude. The spiral 
pulsations are seen to be ejected from the region of one of 
these solutions in spirals of growing radii and then rein
jected into the vicinity of the other solution. These effects 
have now been seen in the experiments of Weiss and co
workers3 with the sign change of the electric field mea
sured by heterodyne detection techniques, as shown in Fig. 
2. 

Other features of the laser-Lorenz model also have been 
observed, including "period-three pulsations" (repetitions 
after three unequal pulses) and inverse period doubling 
sequences upon detuning the laser from resonance. This 
remarkable Lorenz-like behavior has been achieved with 
an optically pumped far-infrared ammonia laser that by 
rights should not have behaved like a simple two-level ho
mogeneously broadened medium interacting with a single 
mode of a unidirectional ring laser. 

Alternative laser models recently studied have similar 
inversion symmetries and give rise to similar spiral chaos. 
Several of them have been proposed as more appropriate 
complex models for the three coherently coupled levels of 
the optically pumped FIR laser system. Key work has been 
contributed by Vi laseca, Corbalan, and coworkers, 4 

Khanin and colleagues,5 and by Harrison, Moloney, and 
coworkers.6 However, the FIR laser experiments are even 
more complicated, involving Doppler broadenings and de

FIGURE 2. Lorenz-like chaotic intensity pulsations from 
an FIR laser with the phase of the electric field showing 
transitions by 180° corresponding to the change of sign 
of the electric field. (From CO. Weiss, N.B. Abraham, 
and U. Hübner 1988.) 
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tuning of the pump laser, which breaks the symmetries of 
these more complex models. 

Solutions of a model that includes these complications 
seemed to show spirals about only one of the fixed points 
instead of around both, but recently the agreement be
tween theory and experiment has been complete. It is be
lieved that the experimental system includes a further sym
metry restoring effect based on optical pumping of the 
magnetic sublevels of the various transitions of the three 
levels by the orthogonal linear polarizations of the pump 
and FIR lasers and then a scrambling of these many coher
ences by a sufficiently large collision rate within the gas
eous laser medium. It is a case of extreme complexity (per
haps requiring thousands of equations) together with dis
sipative effects and stochastic collisions that can be 
satisfactorily described by a simple five-equation model 
for the laser-Lorenz system. 

Nonlinear dynamics of the optical phase 
The heterodyne measurement techniques can also be 

used in studying numerical solutions of the laser-Lorenz 
model. Work by Zeghlache and coworkers7 shows that the 
pulsing detuned laser also has a time-dependent instanta
neous frequency. The average frequency is different from 
that of the steady state laser for the same parameter val
ues, perhaps serving as evidence of an additional phase 
shift for each trajectory in the five-dimensional variable 
space of the system, as a generalization of the phase shifts 
associated with topographical phases and Berry's phase in 
quantum mechanics. 

Experimentally, measurements of the optical phase led 
to new insight and new classifications of experimental 
phenomena. Forms of pulsing that might have been classi
fied on the basis of the intensity periodicities can now be 
more subtly analyzed for the symmetries of their phase 
portraits as well. Orbits with n orbits alternately around 
each fixed point appear as n-periodic intensity pulsations 
but are in reality symmetric orbits of 2n pulses in a single 
path around the attractor. As the system is autonomous, 
such orbits are better described by Sparrow's notation x-y 
rather than as period n or period 2n, but this can only be 
determined if the jumps from the vicinity of one fixed 
point to another can be clearly defined. It appears that it is 
only for a laser on resonance that the field amplitude evo
lution is restricted to the evolution of the intensity and 
changes of sign of the field. 

In contrast, for the detuned laser there is continuous 
evolution of the phase. This leads to interesting dynamical 
effects. Even phase variables that are not central to the 
fundamental nonlinear dynamics may be driven by those 
fundamental variables. That is, the optical phase may adi

abatically follow the chaotic dynamics even without par
ticipating (by feedback) in the evolution. In this case, the 
"dimension" of the phase space attractor is enlarged by 
the rotation of the attracting set in the complex dynamical 
space, though it appears that one can often find the opti
mum rotating reference frame that minimizes this effect 
and gives both the attractor in the full phase space and 
that reconstructed from the intensity pulsations (which are 
immune to the gyrations of the phase) the same dimen
sion. 

Optical Shil'nikov chaos 
In three other recent experiments, 8 - 1 0 lasers have been 

shown to have chaotic pulses that originate in a very dif
ferent way than those understood from the common uni
versal routes to chaos. In these cases, the chaos appears 
nearby in parameter space to the conditions under which 
there is a "homoclinic orbit" involving a single unstable 
fixed point from which trajectories leave and to which 
they return in a trajectory of infinite time. 

Under suitable conditions first outlined by the Russian 
mathematical physicist Shil'nikov, there are chaotic forms 
of pulsation that are found near the conditions for homo-
clinic orbits. These are strongly influenced by a large fam
ily of periodic orbits that involve a certain number of 
passes near and rejections from the fixed point before re
peating. The homoclinic chaos may involve irregular alter
nation between forms of nearly periodic spiral pulsing 
(sometimes called "hesitations") or roughly equivalent 
pulses with different orbit times dominated by different 
lethargies between pulses. 

Homoclinic chaos has been seen experimentally in three 
laser systems: a laser with feedback of its output intensity 
to control the intracavity losses; lasers with saturable ab
sorbers; and the single mode FIR laser operated at low 
pressure. Experimentally, it is difficult to demonstrate the 
existence of the homoclinic orbit that generates the chaos 
because the homoclinic trajectory requires an infinite time. 
The models for each of these experimental situations do 

... lasers have been shown to have 
chaotic pulses that originate in a very 

different way than those understood from 
the common universal routes to chaos. 
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FIGURE 3. Shil'nikov-like dynamics of a laser with feed
back showing the intensity time series and the phase 
portrait of the attractor in two cases (a,b). c) Superposi
tion of many trajectories of type a) showing the similar
ity of the orbits in this phase space projection. d) Return 
time map for data of type a) showing the structure in 
successive times. (From F.T. Arecchi, W. Gadomski, A. 
Lapucci, H. Mancini, R. Meucci, and J.A. Roversi, 
1988.) 

contain such homoclinic orbits near the parameter regions 
where the "quasi-homoclinic" chaos is seen, but when the 
exact model for an experimental system is unclear, it is 
difficult to precisely identify the origin of the correspond
ing chaotic behavior. 

A notable feature of these trajectories, as seen in Fig. 3, 
is that the phase portrait for each burst of spirals is nearly 
identical, with the primary difference being long and cha
otically varying lethargy near the fixed point that depends 
on how the signal is injected near the stable manifold of 
the unstable point that determines when it "discovers" the 
unstable direction. Such systems are often better measured 
for their chaotic properties by return maps of the times 
between successive pulses rather than by attractor dimen
sions that would have to resolve very fine structure, re
quiring resolution not normally achievable in a practical 
experimental system. The easy availability of the laser sys
tems for study will surely lead to better descriptions of this 
type of behavior, which has also recently been confirmed 
in certain nonlinear chemical reactions. 

Sensitivity of chaotic systems to intrinsic noise 

Finally, an important current issue is the robustness of 
chaotic behavior in the presence of noise, particularly in 
laser systems where there is intrinsic spontaneous emission 
noise. Of particular interest is the question of where in its 

dynamical evolution the system is most likely to be sensi
tive to the continuous addition of noise. 

A common view is that when the laser intensity goes to 
zero, then the spontaneous emission should be particularly 
disruptive. Hence, one is often told to look at the lethargy 
regions of quiescent output between large pulses for the 
effects of noise. However, such advice can often be very 
mistaken. While the intensity is zero in a dynamical sys
tem, the trajectory is still moving in the phase space and 
the evolution of that trajectory is determined by the values 
of all of the variables. If some are non-zero, then they may 
continue to rule the evolution deterministically and the ef
fect of the spontaneous emission, even if large compared 
with the average intensity, can remain unimportant. 

It is difficult to determine just from measurements of the 
intensity, whether the evolution during periods of zero in
tensity is governed by the other variables or by the noise. It 
is here where measurements of another variable or mea
surements of the optical phase can provide some indica
tions. How to discuss or measure these effects remains a 
partially clouded matter, but studies of numerical models 
reveal that there are many dynamical optical systems that 
are not very sensitive to noise even when the intensity is 
near zero. The best advice is that one should be cautious 
with intuitive statements until there is strong evidence. 
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