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T he experimental demonstration
in 1995 of spatial soliton forma-
tion mediated by parametric

wave interactions in crystals with quadrat-
ic nonlinearities,1,2 which had been theo-
retically predicted in the 1970s,3 opened a
range of exciting new opportunities in the
field of soliton science and its applications.
For many years, second-order—or quad-
ratic—nonlinearities had been associated
only with the frequency conversion of
laser light. A crucial step towards richer
opportunities was the emergence of cas-
cading,4 where cross-induced energy- and
phase-shifts acquired by multiple light
waves that parametrically interact in a ma-
terial with a quadratic nonlinearity are ex-
ploited to perform all-optical operations
on signals. To form a soliton, or in other
words a self-sustained, localized, non-
spreading light packet, such energy- and
phase-shifts can also be used to dynami-
cally counteract spreading caused by dif-
fraction and by group-velocity dispersion.

The importance of quadratic solitons is
two-fold. First, by their very nature they
exist as high-quality, robust, stabilized,
particlelike light pulses and beam spots.
For this reason they offer unique opportu-
nities in a variety of passive and active, sin-
gle-pass or cavity, multifrequency photon-
ic systems which can benefit from such
features. Second, quadratic solitons consti-
tute a unique laboratory for investigating
soliton phenomena because:

• they exist in both the spatial and 
the temporal domains;

• they exist and are stable and robust in
guided and bulk geometries in any
physical dimension, including settings
adequate for the formation of three-di-
mensional (3D) light bullets;

• they exist in continuous as well as 
in discrete physical settings; and 

• they are the realization of a universal
phenomenon in nature, namely the
nonlinear parametric mixing of coher-
ent waves.

Overview of basic properties
Quadratic solitons are formed by the mu-
tual trapping and locking of multifre-
quency waves.5,6 The simplest case corre-
sponds to the process of second-harmonic
generation (SHG), or optical parametric
generation (OPG), where a fundamental

frequency wave and its second-harmonic
generate each other. The resulting soliton
contains both the fundamental and har-
monic fields, which in the simplest case
exhibit a classical bell shape. For this rea-
son, in contrast to their cubic, Kerr-type,
and photorefractive cousins, quadratic
solitons are intrinsically multicolored.

Solitons form when the material and
light propagation conditions inside a
quadratic nonlinear crystal are set so that
the diffraction and dispersion lengths that

measure the spreading of the beams and
pulses, and the nonlinear length that
measures the strength of the frequency
conversion process, are comparable. Ideal-
ly, once a soliton has been generated, the
energy exchange between the waves that
parametrically interact in the crystal ceas-
es, and the envelopes of all waves are
phase-locked regardless of material wave
vector mismatch. Thus, two key parame-
ters that dictate the formation of quadrat-
ic solitons are the light intensity and the
existing material phase mismatch between
the multifrequency waves. For all values of
the mismatch, entire families of solitons
exist above a threshold light intensity. A
sketch of how the existence threshold de-
pends on the mismatch is shown in Fig. 1,
which depicts the case of single-spot
bright solitons under type I SHG/OPG
conditions. The families of three-wave
solitons that exist in type II phase-match-
ing geometries and in sum- and frequen-
cy-mixing processes are richer than their
type I counterparts. In any case, almost all
solitons belonging to such families have
been proven stable under propagation,
and many of them have also been found to
be robust enough to withstand perturba-
tions. Quadratic solitons are able to coun-
teract the spatial and temporal linear
walk-off between the multiple signals
needed to form them. In this case, the
beams or pulses lock together and propa-
gate together in a single light packet,
termed a walking soliton. Walking solitons
generally feature a chirp phase and offer
many opportunities for soliton steering
and switching.

A key property of quadratic solitons is
the energy sharing among the mutually
trapped multicolor signals, depending on
the total energy they carry and on the ma-
terial mismatch. The energy partition
greatly affects the outcome of the experi-
mental excitation of solitons with single-
frequency pump light. In particular, dras-
tically different pump-energy thresholds
for soliton formation and soliton genera-
tion efficiencies are encountered in up-
and down-conversion processes. In other
words, the existence of solitons does not
guarantee soliton excitation, and thus suit-
able conditions must be employed in each
particular setting for solitons to be gener-
ated. In real units, the energy flow required
for quadratic spatial soliton formation
scales as �4 /�2 �2, where � is the wave-
length, � is the effective second-order ma-
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Figure 1. Energy flow versus phase mismatch
existence diagram for the simplest types of bright,
single-spot quadratic solitons in conveniently nor-
malized units.

In contrast to their 
cubic, Kerr-type, and 

photorefractive cousins,
quadratic solitons 

are intrinsically 
multicolored.



displayed. The clear contrast between a
soliton and non-soliton output is also
readily visible in Fig. 3, which shows the
recent observation of solitons in a bulk
piece of periodically poled KTP.7

Spatial and temporal quadratic solitons
are described by similar equations, but
those who would seek to create them ex-
perimentally face different challenges. The
main difficulties encountered in the for-
mation of temporal quadratic solitons are
the small group-velocity dispersion exhib-
ited by the materials with large quadratic

phosphate (KTP) and lithium niobate
(LN) cut for phase-matching at the wave-
length delivered by a mode-locked
Nd:YAG laser emitting pulses a few tens of
picoseconds long. At low peak powers, the
infrared pump signal generates a green
beam and both beams diffract. However,
when the input peak power reaches a given
threshold, the beams no longer diffract
and a bright soliton is excited. Such a soli-
ton signature is clearly visible in Fig. 2, in
which data acquired in the original exper-
iments by Torruellas and co-workers is

terial nonlinear coefficient, and � is the
beam width. An analogous scaling holds
for temporal solitons.

An important point that must be
stressed is that even though under appro-
priate conditions some quadratic solitons
existing at large mismatch between signals
can be regarded as perturbed cubic-type
solitons, this is not the case with many
quadratic solitons of great interest. On the
contrary, most interesting quadratic soli-
ton properties occur near exact phase-
matching, a point at which solitons exhib-
it genuinely quadratic features.

Early experimental 
demonstrations
The ingredients employed in routine sec-
ond-harmonic generation of focused laser
light suffice to form the simplest types of
quadratic solitons. The recipe requires the
use of high-peak-power pulsed laser
sources and a material with a nonlinear
coefficient such that it is possible to reach
the soliton regime before arriving at the
damage threshold. These conditions were
satisfied in the schemes employed by Tor-
ruellas, Schiek, Stegeman, and co-workers
to observe multicolor solitons for the first
time in 1995. The observations were con-
ducted by pumping potassium titanyl
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Figure 2. Data acquired in what is believed to be
the first recorded observation of  soliton forma-
tion in a bulk quadratic crystal. The plot displays
the variation of the width of the beam at 1064 nm
output of a potassium titanyl phosphate crystal, as
a function of the input peak power, showing the
spreading caused by diffraction at low powers and
the soliton regime. [From Ref. 1].

Figure 3. A quadratic soliton “caught in the act” of leaving a bulk piece of periodically poled potassium ti-
tanyl phosphate (PPKTP). Top: Output of a low-power input. Bottom:The soliton spot. [From Ref. 7].
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nonlinearities known to be suitable, to-
gether with the large group-velocity mis-
match experienced by the signals needed
to form a soliton. This difficulty was over-
come by Di Trapani, Wise, and co-workers
by using achromatic phase-matching, or
tilted-pulse techniques, to observe self-
narrowing of subpicosecond pulses con-
sistent, respectively, with temporal and
spatiotemporal soliton excitation.8,9

Recent experimental 
observations
Quadratic solitons of different dimensions
and nature have been observed during the
past few years in a variety of materials in a
number of laboratories around the world.
Some key observations are summarized in
Table 1. The labels (D+1) used in the table
stand for the number D of transverse di-
mensions of the solitons: (1+1) spatial
solitons form in planar wave guides; (2+1)
spatial solitons form in bulk crystals;
(1+1) temporal solitons were observed
with unfocused beams; and (2+1) spatio-
temporal solitons form along the focused
axis of highly elliptical beams. Since scien-
tists are now able to form quadratic soli-
tons in many physical settings, the door to
the exploration of their properties and fea-
tures is open.

For example, when quadratic solitons
are excited with only one of the participat-
ing wavelengths input into the crystal, the
inputs adjust themselves by shedding ra-
diation to form a soliton. For a given input
power, there is a finite range of phase mis-
match for soliton formation; the allowed
band is asymmetric and notably different
for up-conversion and down-conversion
processes. The higher the input power, the
larger the accessible mismatch range, but
this is not necessarily the case for the ener-
getic efficiency of soliton formation. In re-
cent experiments, such efficiency has been
measured in detail as a function of the in-
put light power.10 The recent experiments
by López-Lago and co-workers were con-
ducted under conditions of SHG in a 2-
cm-long bulk KTP crystal cut for type II
phase-matching. To carefully measure the
soliton content of input Gaussian beams, a
combination of a knife-edge method and
specific data processing techniques were
employed. A key result is shown in Fig. 4.
Above an optimum input power, the frac-
tion of input power captured by the excit-
ed soliton saturates. At phase-matching,
the saturation level amounts to about
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Figure 5. Soliton excitation in a collinear phase-matching geometry with noncollinear pumping. It was
discovered that the number and location of the solitons formed depended on the material mismatch and
on the input power imbalance. [From Ref. 11].

Figure 4. Efficiency of quadratic soliton excitation. Fraction of the input energy carried by a Gaussian
beam at the pump wavelength captured by the solitons generated in a bulk piece of KTP under conditions
of second-harmonic generation. Left: Exact phase-matching. Right: Outside phase-matching. [From Ref. 10].

Table 1. Summary of key experimental observations of quadratic solitons of different dimensions and
characteristics, in different materials and settings, to date. *APM:Achromatic phase-matching.

Soliton Type Material Setting Phase-Matching Type �pump (nm) Year

Spatial  (2+1) KTP   SHG-Up Type II-Birefringence 1064 1995
Spatial  (1+1) LiNbO3 SHG-Up Type I -Temperature 1320 1995
Spatial  (2+1) KNbO3 SHG-Up Type I-Non-critical 985 1997
Spatial  (2+1) KTP  SHG-Down Type II-Birefringence 532 1997
Spatial  (2+1) LBO OPG Type I-Non-critical 527 1998
Temporal (1+1) BBO  SHG-Up Type I-Birefringence 527 1998

+ APM*
Spatiotemporal LiIO3 SHG-Up Type I-Birefringence 795 1999

(2+1) + APM*
Spatial  (2+1) PPLN SHG-Up QPM 1064 1999
Spatial (1+1) PPLN SHG-Up QPM 1064 2001
Spatial (2+1) PPKTP SHG-Up QPM 1064 2001



50%. The other half is shed in the form of
radiation. According to theoretical esti-
mates awaiting experimental confirma-
tion, efficiencies of nearly 100% may be
possible with engineered structures.

Many of the basic features of walking
soliton excitation in geometries in which
crystal anisotropy plays a significant role
have been demonstrated experimentally in
recent years and are well understood to-
day. But new approaches that exploit such
anisotropy in novel ways have recently re-
vealed exciting surprises. For example,
Couderc, Barthlémémy and co-workers
have recently explored soliton generation
under conditions of collinear type II
phase-matching, where two fundamental
frequency waves interact with their sec-
ond-harmonic, but which were excited
with noncollinear pump beams, where the
two pump beams are launched at the
plane orthogonal to the phase-matching
plane.11 Experiments were conducted in
KTP and the off-plane angular separation
between the two input pump beams was
about one degree. Fuerst and co-workers
found a few years ago that in such a
scheme, under collinear pumping soliton
generation is accompanied by amplifica-
tion of the input power imbalance be-
tween the two fundamental beams. Coud-
erc and co-workers discovered that under
noncollinear pumping, identical input sig-
nals either generate a single soliton or self-
split into two solitons (Fig. 5), depending
on the sign of the existing phase mis-

match. They also found that at phase-
matching, the number and location of the
excited solitons can be controlled by vary-
ing the input imbalance. Important new
anisotropy-induced effects have also been
discovered by Polyakov and co-workers in
the generation of multiple solitons in
potassium niobate cut for non-critical
phase-matching (Fig. 6). Multiple soliton
generation was observed to occur only
along preferential crystallographic direc-
tions, an effect that has been attributed to
the spatially anisotropic diffraction in-
duced by crystal birefringence.12

Because of the nature of the quadratic
nonlinearity, the relative phase delay be-
tween the multiple waves needed to form a
soliton plays a crucial role in the soliton’s
dynamics. A fascinating way to act on such
phase is to employ input beams with opti-
cal vortices nested on them. Optical vor-
tices are screw-wave front dislocations that
feature a phase-ramp that spirals by multi-
ples of 2� around the vortex core where
the light intensity vanishes.13 When a
quadratic crystal is illuminated with pump
and seed vortex-beams at all of the fre-

quencies involved in the quadratic inter-
action, the pattern of output light is dictat-
ed by the different dynamics experienced
by the different azimuthal portions of the
beams. When the vortices nested on the
pump and seed input signals are properly
chosen, the output light forms a control-
lable pattern of solitons. This effect was re-
cently demonstrated by Minardi and co-
workers in a lithium triborate crystal un-
der conditions of non-critical SHG.14 The
opening image illustrates the salient point
of the observations. At low input intensi-
ties, the vortices experienced diffraction
and spread, but at the soliton regime three,
four, or five clean solitons were harvested,
depending on the input conditions. Such
observations demonstrate the possibility
of producing controllable patterns of
quadratic solitons; in this context, they
also open the door to the experimental ex-
ploration of multicolor soliton necklaces.

Complex patterns of solitons can be
used to demonstrate the proof-of-princi-
ple of potential future parallel signal pro-
cessing or contrast-enhanced imaging de-
vices. An excellent example was achieved
recently by Bramati and co-workers, who
aimed at the reconstruction of blurred
pixellike images.15 A good example of the
reconstruction of a multipixel image is
shown in Fig. 7. The experiments were
conducted in a crystal of lithium triborate
under conditions of optical parametric
amplification, to benefit from the cleaner
beam shape featured by the corresponding
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Figure 6.Anisotropy-induced single (left) and multiple (right) soliton formation in potassium niobate. [From Ref. 12].

Scientists are now 
able to form quadratic 

solitons in many 
physical settings.



solitons at the amplified wavelength. Each
pixel in the image was about 35 �m, and
to operate the device the pump beam car-
ried an energy of 2 mJ in each of the 1.5
psec pulses employed.

Directions of current research
After several years of intense research by
different groups around the world, the ba-
sic properties of quadratic solitons are rea-
sonably well known. But many challenges
lie ahead.5,6 For example, the unique op-
portunities offered by quasi-phase-match-
ing engineering to control the properties
of solitons are awaiting experimental
demonstration and application. They may
offer key ingredients for commercial ap-
plications of quadratic solitons, e.g., in
complex multifrequency laser systems
such as optical parametric oscillators and
amplifiers.16 This area includes not only
simple periodically poled structures but
also nonlinear photonic crystals17,18 of a
complexity which today we cannot even
imagine.

Another challenge involves the creation
of suitable settings for the experimental
generation of gap, discrete, and stabilized
dark solitons of different sorts. The forma-
tion of fully self-confined light packets, or
light bullets, constitutes another fascinat-
ing frontier, one dating back to the early
days of nonlinear optics. Confirmation of
the existence of stable 3D quadratic soli-
tons constitutes an important milestone
along this path. New pumping schemes
and novel engineered material structures
are being investigated today with this re-
search goal in mind.

Quadratic solitons are formed not only
by the parametric mixing of optical waves
but also when optical signals interact with
waves belonging to the microwave or tera-
hertz frequency band, or with static fields
through optical rectification.19,20 Soliton
formation under such conditions in real
systems, and its practical implications, are
little understood today. Further explo-
ration is likely to give rise to important
new opportunities.

Soliton formation in new materials,
geometries, and physical settings is anoth-
er important direction for future research.
The goal here is to expand the potential
application areas for solitons and to lower
the threshold for soliton formation. Up to
now the lowest peak power threshold,
about 100 MW/cm2, has been reported in
periodically poled lithium niobate. How-

ever, materials with nonlinear coefficients
one to two orders of magnitude larger
than those employed today are known to
exist. Potential formation of solitons in
such materials should yield power reduc-
tions of several orders of magnitude.

Beyond optics
The concepts explored in the context of
quadratic solitons are expected to have
implications important to other branches
of nonlinear science. For example, Bose-
Einstein condensation provides the matter
analogy to laser light, and the nonlinear
interactions in BEC provide the atomic
analogy to nonlinear optics. The explo-
ration of atomic-molecular mixing
processes in BEC have already been sug-
gested.21-24 Experimental confirmation of
such prospects, to our knowledge not yet
achieved, may create a fascinating new
playground for multicolor—or maybe
multiflavor—solitons in the future.
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Figure 7. Reconstruction of blurred images in an optical parametric amplifier operated with multicolor
solitons.The input image reproduces the digitized capital letters MF. (a) Input image, (b) low power output,
(c) and (d) output soliton image at the pump and signal wavelengths.[From Ref. 15].
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